
Cocompletion i
.e .

P is a locallady topocom-TatIm (Frn(P(b)
.8) Fun(t) : equir - U

at Cat

This is a consequence of the following :

&↳ representable functors are atomic
,

i .e. Mappcha /Exc .
-1 : PSh11-Ani pres.

small colimits

Def %%t is Ase if Lampf = id
, i .e.XeG colimc =- X

T (countable (

always a colimiteam

ex Do is dense but [WR is not
. (REER) id= ir ↓ idempotent

·
Ihm C = Ca+ ~ % EcPG) is dense exer Any atomic obj of PHG) is a retractof

a representable . 4 - T = Platonic is the Idempotentcompletion

&
X F: colim-pres

& 6-Fm6 ,
Ani) a take the closure

,

if G : locally small
.

W

locat is a subet of FILE ,Ail, if moreover t : accessible.

30 is dense iff the restricted Yoreda emb D-P($)-P(G) is fof
.

3 - 4(b)h; (d) + 8

+ ↓ RKEpd4-0fOP ↑ ↑ 358

I y = 0P(8) +hy + - 4 + 8

DEP(G) refl
. localization



Es Reflective Jaka
.
Borsfield) localization

er refl . loc # loc
·

functor of right adj
refl

.

#ef .ED is a localization if it admits a fully faithful right adjoint

L
· A subcategory DCT iseffective if the incl

.

admits a left adj ·

Erop (localization# idempotent monad) Let 1 : 5 -T be an endofunctorless
.

im Lt
.

TFAE :

(1) E localizationS & an equivalence L= f*f

(2) L :6 - It is left adjoint to the inclusion i: Lt -4

(3) Inatitr 7 : ide+ L : -- t St . Acet Tr ·
L(4a) : Lc-> Le are equire

roof (1) (2) replace D by its essential image inE

(2) = (3) 7 : unit of Let

->Cob
. CeLt Maplco ·

c) Mapko .
c . )

(3) => (2) ↳
· Co = Lc m 72 : Lc ZoLLc by Yoneda

enough to show his the unit. · Co = c
,

C
,

= LLc -> Y = L(4c)

i .e . Map co ·
Le 1) Map(co . L I a p Le & :

equin.

· suri becauseu
naturalityaddli

·

mono Map(((co , (c)> Mape(co ,
(a)

= f +
0 ↓ 1)

Map)(co , (c)- Mape) co , (c) -f
E

& ↓ = ↓ 2 ! =

Mapp(((ca((ci) -> Mape((co ,
(Lei) -> If

J= ↓=

Mape)L(co , (c)-> Mape((co , (c) < MisoLf

P · if F : colimit come .
Lot is a colimit come of f.

(because Lof)k = k (

k - k · C is closed under limits in &

MapFulko))d ,

if) = Mapold.Mif(
13 (#

MaPFuike(Id . 7) EnMapFulkadota ,
if)

"

lin if is -local
Mapp (ind .

Mit
-



ess . in of loc
. can be characterized by the following :

Ref Let W <Art)
.

Cet
isWhol Afta

↓ =

Map (a , c)

Er D6 . c + Imi local wrt L-equire .

Moreover
,

D=-[L- equin")

Warning .

(W-locobj]Ent not nec exist.

↑
closed under lim

E



& Presentable categories , compactness ,
AFT

idea : presentable cats are cocomplete (usually large) categories that is generated by small set of

generators & relations·

algebra higher category there-

Ismall) Set (accessible) o -category
sums colimits

abelian groups presentable -cat

free ab gps preshaves

( products (finitel limits (
commering -topos

CatEacocouple C E
non-full

Xa large cat

#left is presentable if 750 small
,

RC4HO) malset of morphisms.

-

6 = P(% iR) + 4(to) full subcat of R-local obj i . e.-

* Ef : A - BER
. Map(B .

X) =o MaplAiX) .

Pr Ecocompe full subcat of presentable cats on

&act · 4 < PCGo) closed under lim .

C P(o) =% is also cocomplete .

·

L Plot incocouple "presentation"

+
d+y It turns out that Pr<cocompl

closed under small colim

↓P(-- P(to : R) ~it is a closure of presheaves under small colim(& Pr : category of I-compact objects

For more effective we need to discuss K= filt,
colin first .

K : infiniteregularl candinal

Ref·KesSet is K-small if it has finitely many wondeg · simplices .

Setakhas K-small colim.

(No-small = finite ( K-small

· YEG is K-filtered if FKE-C ( V(k .f)(y) +b)
(No-small = filtered ~ -> E* G full sub

* If I has Kefilcolim ,
XEC is Kept if Mapy(x .

-1 : -> Ani preservesk-filt colim
.



· For t small
. Indi(3) < P15) full sub of F :C Ani St . SF =Y is

↑ K-filtered
.

(called the K-flat functor (

ce3/7I Rmsuchcomicoof representa

-> the inclusion pres K-filt
,

colim
factors through

Ren fortlay,entidef- S· %Indk(t) K= compact obje
Small

PFD with K-filt colim Fun fil(Indit . D) Fruit ,5) Eat-file
non-full

Pop Consider 4 In & fully faithful
,

where O has K- filtcolinFires. V y

↓ Ac Gat
- YEndles Pu Cat-rex

(1) if & c ** E is fully faithful
K-filt colin

(2) if moreover 6 generates & under K-Filt colim li
.e, the closure of t is D) thenF : equire
X- colmEX

:

↳roof ever
.

Chander if S: large) Ice to when D-Ani o use PHI /
ex many large cets we know

,

also flat modules Eak % : In . 11-cat => Indate) : In , 11-cat

Lef % : Kfaccessible > FK 7%0 small
. Indto)=-C to can take 60 = %"

-

A functor F :C -@ is accessible if it is K-conti for some K

(re if t , B : acc , It fit-contie pres . T-cpt obj (HTT Ruk 5 . 4. 2
. 13) (
-ko < K

Warning K-acc does not imply T- acc for T>K
.

but it does if T K . i . e. it Toct -Ro <T

↳ If to acc ,
ST : small ET & UGT = 3

T

Acci : K-acc fructors & K-conti functors AnCate
-

k-cpt pres

Rak : Small cats are accessible iff idem cplt.
· Acc = UAK4 + creates limits (in fact

,
Cat-weighted fin

· adjoints between accessible cats are accessible.

Def4:compactly generated #) cocomplete & K-accessible ,

= Inditto)=-t For %o : small with Ko-small colim.
~ colt => K-conti localization ofPl

↓ ↓
IndboInd(P(bol")=P(o) Pr

Drop presentable Face
.

Loc
. of P(Go) <) Cocomplete & accessible. Pr



*Acategoryhesmal colimits i itGsmall-tefincoprod a coeq

· I : x-filtered # colim : Funl1
,
Anil-> Ani pres .

K-small its

CK-compact objects are closed under K-small colimits

I

9
Map(colim Xi

. colm Yj) = Sim Mape(Xi , colm Y;
E

↑ ↑ K-filt
K- Small

- In colim Maps (Xi ,4j)

Ecolim Em Maps (Xi ,
Y ;)

= Colim Mapp(colimXi
, Yj)

#outfructor the : (1) GEPE ,
Dilocsm => 14 Est ladj z pres small colim)

(2)6 ,
DEPr2 = (f:GeD radiacc .

& pres ,

small colim)

Ex if E presentable ·
WCArl)all

7L

-> [W-oc . obj) En C

(In fact ,
Face

,
loc is of this form

f pr
&c presentable catsa rightadjoints.

RFm(6
,
D)

Prop Pratycreates small colimits idea : the limit of SupI = Cartesian sections of some fib w/

presentable fibers
.

Pris

exer? LErn(RFunk,
8)

,
3) = (Fun (4

,
LFm(D ,Ell

LErn (6
,00)

op

I =- AFT

RFun(@
,
b)



e C with final obj. is K-filt FK

· XeSet is K-cpt > #XK
.

% : filtered-> 141 + X

as goat
↓ finite sset

131 161 = colimit
filt , colim

↓ along mono↓
|k* /
Fit :

filtered
~ also afiltolim in Cat

Prop TFAE : (1) C : K-filtered (ff
, Ye + 4)

(2) UKFot K : K-sm. => Cf1 : K-filtered

⑪
(3) UK : K-sm

,
the diagonal 3-Fulkit) is cofinal . (Eh*

1 +/=* )
(1) = (2) join of K-small sets is K-small. (2) - (3) = (1) clear

Eat VG : -cat ·
F cofinal map from a poset I-C

i t : filtered
.

JP : K-filtered (k = No -> directed in classical sense)

· If K > No
,
% Eglat or Kan is K-small (as set

=> Y is K-compact -> C+ (or Ani)
.

Thisis false for k = No
.

Ani Am



5 sifted colimits
, projective objects ,

animation

#lef A simplicial set K is sifted KE
,

X : K+ Kxk is cofinal

# FI : Finset .
1 : K- K is cofinal

Rem
*

invariant under cat
.

eg. Prop cofinal =>
w .

ho
·

eg.

- property of an es-cat. kkxk = w .
he /kl *

=
TENY))

it to
has

&len's th Am C : sifted %0
. (x3(will/** 3 : weakly contractible

IS

Importantexamples :

· filtered = sifted (xxby1lXt =Exl
· is sifted

.

I always get confused how to directly show

A = B = (AxB),

So I record it here :

ot No m ens/
=(*)n)(:weakly contrLIS < use #2 Cat

*
[m] x[n] -

Note Cat e Ani is left- kar extended from
-> so is top .

&Left

Consta (LFun(Cat
,
Anil <(Fun(PSh(D. Ani) = Fun (4 . Avi) (

Kerodon does more complicated
In particular .

EXECt .
(x1 = colim = (*) I argument . hope I'm not missing

something...

So ( [mixIn)) = /[m] x[n] l= *
-

E
↑ has terminal obj

Fact· finite product & sifted colim commute in thi - Def · Compact projective
&

- I sifted colimit" = " filt
, colim + grom real. compact proj gen.

· sitted colim + fin coprod"="all colim I · 760 Pabl
20-Ani fin prod

Analogous theory for 1-sifted colim : replace goom, preserving

6 : 1- gen =G+
=>PELEanimationofa

Fun(6)



: What you need to know about presentable stuff

Generalthm:claes
of diagram slapes A

,
Be

AB-colim "generate" smallcola

"Small" "filtered" S AP-lim & B-Colim commute in Ani
(or your enriching at

1 2ico+)
(P,H

,
sitt (Fin , filt (K-small

, K-filt)

locally small "weak" generation is enough !) (

cocomplete cats are (gen = closure of "cpt" obj under small colim
-

atomically gen
-> cpt proj gen = Cpt gen (K-cp+ gen

UK : infreg)Warringdoes not,so

cofinally many KIT

of the form : C = P(80) Paleo Ind(Go) India(bol

can take to = yatony Ga gito gk

Gicocoms to
: - Go has fincoprod Go : fin cocomp Co : K-smcp).

is automatically
idem , cplt .

Any obj of t is
any small sifted filtered K-filt. - strong generation !

camonically a El --

colim of to

opepres · fruct (Ect :

any obj of Yalbo) is canonicallya
atomicPrese geom ,

real
, of Ind(to)

K-cpt obj pres colim-pres
~ funct

non-full subcats : Drhatgen < prhop-gen C Peptobi Pris C Pr=YPris+

P+ /]= ↑T+d)= Indf7= India+ d =

Cat > Catidem Ca** > Cfidem Catexs Gene
a CayK-rex Io-pres funct k-rex funct. PresK-cpol,/colim

Co: fin free

* To = /Ron GdIndBo

Pr4)
: presentable cats ↓
& right adjoints (presl-fil

proj flat

Prop E : Presentable ·

To 4%
dense% -480) fof. exc Pr& = Print op

·weakly dense #) conservative.

(colim closure of 60 is6)

Fact Pr
, Primat creates limits



-Part2
. higher algebra (rings & modules

Set mux monoid categoryI cat

"derive" O-clegory c (sym)mona

2 do - ↑
ab

. gps
me

ring abelian o abelianto stable catsm stable mon no-cat.
A-

(linear alg)

Establecategories
Ref · A category J is pointedif 70-5:zero odjie .

the object which is both initial & terminal
.

(E) Finital & terminal obj. and the canonical map -X is an so I

· A category O is state if (1) 05 .

(2) finite limits & colimits exist . (pushouts & pullbacks (
(3) A square

*x * +& is cartesian if cocartesian

#gan Stability = fin lim & fin colim "agree"

·Fit -O between cets ul

finlimisexa if
F pres ·

In a

C colim

· exact if both

er
- all equivalent it %

.
0 : stable

·

Caftc Cat non-full of stable cats&
exact fructors

filt colim
.

&mko Caf* Cat creates & Fulk . -) & small limits
.

Live
. Cateweightedo

· Indit) ,

(1 of stable categories are stable

~. · C ,Krepast
Per
I think Caf Cat is given by the stable closure of Sp-Yonada emb % - FrutP

. Sp).



MPropoithpusho
, 3) Fun(1

.
3)

W

<pbsq)
· resoLkE has a radj if t has pullbacks& the radi is given by pullback

po = pb if this is an adjoint equir off resoLKE is an equivalence.

#extgoal : weaken (2) &(3)

Ex , ye %. = Mapl , o) xMaplo , y) - Mapk , y) picks up a morphism (7+ Y .

denoted by 0

=Anix we X-eY is a constant map at the base point.

I↓ zero morphism can have
a moutricial automorphism :EX : coun · (S:X) = (5:X).

I

&ous)
DefoA Itriangle in T is a commutative square

Af, B

↓- 19
often devoted by AFIBEC) by abuse of motation

, making the homotopy gof- O implicit.

(but it I a part of data (
· AFIBEC is aFider seg if the square is (oscontesian

3) A Cort) is a fder ofa (A fib (g)
C cofiber + (cot (f) =-

·AT Catesanlpension
ever 6 : pointed ,

has fibers & cotibers/loopa suspension

=> define Fun( ,6) Fun) ,5) .

It has a radi iff t has fibers.

X &Y -- cof (f) (then radi is given by (E) ++Aibig1 - 4)I
· Similarly for5 3. shift notation

(5"X
=: Xin)

When 6 : stable
,
these adjunctions are equivalents* RiX =: XEu)



Prop For6 pointed,

6 : Stable #(2) Ff : X- Y has a fider(aa cotibe)

=>

(3) A triangle XF, 7217 is a fib seg iff it is a cofid seg .Y (2) I has finite limits ( fin
.

colim .)

Fun(6) Eb, Fun(
, 3)

(3") (2+e is an equivalence.

#ofsketch (iscara
TY seriadditive]
+

groupI I
Map (4 ,

MEX)
~ eg(XEyl = fib(X Eoy) · -> (2). I

· (3(3) ever . (2) (3") => (3) harder ever .

Hef S= (+ Anix
,
S= [SRX =Map(sX) .

TnX: = ToRX c
B fib seg long exact sea of homotopy groups . (reduces to : to : Anix-Set (

from the cogroup str on $1

preserves fibers Eho(Ania)


