
51 Introduction

(n . k)-category .. a version of higher category when we consider

= kn 0
.

-

.., n = morphisms

& 10. 0) - cat = Set

& >k-mor are all invertible
. (

(1. 1) - cat = Cat
&

& T with products .

(1
, 0) = cat = gpd ->B -obj = *I

-

gricherrich) (+ 2 .
+ 2)

I ·mor = obe

d
12 .

21-cat = "bicategory
/

· *-*-* = X-

strict vs weak : I natural examples only have compositions (of 1-mor only defined up to can
,

Theme : (5 , 0)-cat = homotopy types
associative only uptoBom Bom

.

- invertible 2-mor

(20 , 11-cat = category theory r homotopy theory
= no, type enriched cat

We focus on K= 1 :"Kateyhemtop
level S

⑦ This makes things simpler (behaves like "t-category" (

② For
many purposes invertiblemor is what we care

↳ho
,thry,

③ Even if we are eventually interested in higher k,

the theory of 15 . k)-cat is most efficiently developed in↳ I 15, 11-categorical language

"homotopy
fundamental

ex XETop mo TenX : n-groupoid obj :
a pointeX

(ino-cat) & mor : a pathby

2 mor
: a homotopy between pathsth]

invertible 3-mor : a homotopy between homotopies
:

n-mor : (o .

between (n-1)-mor . )/homotopy.
also TeoX

Epd, ho, hyp

↑
"Let" An co-groupoid = a homotopy type

Shomotopy theory the art of identificatias

↓

Top- > Set = 0-Type Terminologgroupoid
=

anima = (week) homotopyuseis
4

To
butsounds like/ generalized

·

someprimitihom kacommea C
reflects the feeling of : groupoid

give representatives but should be avoided unless you really
mean a particular one



e "the space/o-gpd of something" is connected #C unique up to iso

1 connected E unique up to iso
, unique up to homotopy

2-connected 1. -

2

ice , highly connected which is unique upto to.

> a choice of such object is highly canonical

uniqueness in higher category theory = contractible space of choices

ex a choice of algebraic closure is unique up to iso but this iso is not unique.

the -groupoid of choices = BGal(#/k) (profinites -type

#rickypart : O-gpd = anima should themselves form an -category Ani

1. categorical approximation :

Ret HithTop)WP class of continaps.
ho

To on HomThe -category Ani := Gpdo should fit into TopAni-7)Elet and remembers

· all homotopical info e
.g . for

any
X . YEAni

,

the homotopy type Map(. 4) - H
·

but also Fig : XY
.

S of Top to type MaPMap(Xin) (fig) ,
and so on

.

· can test if a come diagram is a homotopy (co) limit diagram
· but no more /homotopic maps should be "indisguishable" ↑
Top-1 is the initial functor to a 1-cat inverting who

. eg . (forgets too much for this

expect :Top-Ani -- D-cet --
-

Iremembers just enough

these functors should be product - preserving /justified later ; homotopy product = product as

well-defined 12. 11-cat of
- the diagram shape is a set

- enriched- -

1) &
categories Lup to categorical equi..-> Top-Cat -- Cata - H-Cat - Cat

1

feed To Ani-Cat
4 ↑ (ver) (exer: check Top +7) : product preserving

4
& It is contesian closed

itself : Topo Ani to itPericht # ↓otherwise It is an ill-behaved category e .g .

has almost no ko) limits-

(Eact Top-Cat is strictly enriched
,

but it turns out that any -category can be rectified a Cpresented as a Top-Cat .

So one might as well define o-cut as a Top-enriched cat

=ect : Top-Cat -> Cato is the initial functor to a nocat which inverts

DK-equivalences (ess . surj & hom-wise wh
. e. (



Rem

It is one step better approx for Ani
. Heuristically ,

Ani is the limit of the iteration of this

process . (the next step is 7-Gpd-enrichment) but such bottom-up approach suffers circular

problem. (Notice the difficulty in H vs H-Gpd
-

However, alotofDegnicaldefinition
(limits adjoints. - only depena

-ModelsofDSpdst
we need a 1-categorical defe.

1-categorical presentation- actual -cat - -categorical approx

(model categories/relative cats ( we're after

To-
sing #

Y (Top-Gpdkey) -> Ani =Cpdo- #
(Kancpy . Loeg)- (= 3)

set
. Kan-Quillen eg .

(Top-Cat ,#Key))= I ->(Kam-Cet ,key-
I - Catc -> H-Cat

#CatTotaled
e

- Fun(6
.07

(RelCat
, wee. our choice

%

->So
choose a convenient/flexible def an the official def-

· undugo a few self-feeding spirals
this work has been done &

once you can fluently talk aboutCato itself
, you can forget

so you can pretend you are
here the choice we made

fully modeednt)Dot define Cats = Catho
develop they of CatousingOt Yonedaset

,
etc.



S2 An implementation by simplicial sets

Def < Cat finite wonempty ordinals
. "Simplex category

"

Il

[[n] = 10c . -
·

<3 /n 203

· A sudicialset is X:-> Set
.

Let set : = Fun(P Set)
xeXn : an A simplex of X .-X

& In]

(ve \k-simplex of h = \[k]-[n] 3 = possibly degenerate k-simplex of( a simplicial complex "Du

I-caton; --> -cat

We will realize : sSet ! o-cerficialaW

gat I Cato
(1. 1) - cat of n
- 12.1

t
a

YIcategories
Cup to ison (

-

Catstr Cate Gpdo= Ani

inner horting
-x *adi

allhoa winex
Ball D : cocomplete

- # F-D . fl :

unique colin-pres extension of f

Id fIn]
X- X

Fun(4 ,

Sett (f : X = colim &
· f*: right ady given by f

*

d :
*
- Set

↑

Ins - Hong(fing , d

#- Caf · (N6lu = Fun(in]
,
6) = Set

G-ategoricallys
Exer N is Fully faithful (c) is Lease in Cat

i

.e . hooN(3) =04

& ↳ we will ouit N and regard strict I-cat as a simplicial set
ith horn

Yefo 1: < subset of those [R]-[n] sit . ImagePthJKis

·it for
Live ,

the top cell & the ith face removed (

lex : 1= div = 5) Inneranodgue is a
closure of inner horns( under pushorts ,

trfin composition , retracts



· Spiren = Div Dr -.. ry 2

exerlaTFAE : (1) 5% X = NY

(2) Octi < En 15 - X : .e . HomI" , X)

- ↳ dij

Hom(s
,X

(3) On Hom(2 ,x)s How(Spiren ,X

(b) TFAE : (1) 7%:grouped X = NY

(2)421,in Hom(" ,
X) Hom(A ,X)

Def define full sub Kanaglat <set by
X Egt OckfuAn -X Hom(I" ,X

ice
,

↓ surj .

(Kan) \OEKE -E Hom(An
,
X (

Exer Sing(X) is a Kan complex .

(observe the non-uniquenesse
E ·

"

Forti : XIY homotopicEXfor
↑

.deliscongruence m CW respecting hoeg.
CE 1-1 product preserving (

m> holkan) = ho(CW) = 1) (gives a combinatorial model of
homotopytypes/

Moreover
,

this lifts to a Q
.
E

. of model cats

(sSet
· Kam-Quillen) (Top ,

Serve fibetc . (
(weak(

So the LHS knows all the homotopy theory of top . Sp.

Iof A o-groupoid/anima is a
Kan complex . A functor = mor of sets

In -category is
a quasi-category &not talking about -cats of those yet .

ustification
Spires = 1? =0 X part of data

-

S -7 Think: "Witness" the composition h gof.

7
Y e in fundamental 'gopoid , any reparametrization of

8=~ path concatenation is equally good as a composition.

higher horn filling condition E the choice of compositions is contractible.



East set has the internal from [K
.
X] (given by [K. X]n = [5xk , X])

if X is a Kancpx or a geat , so is [K
.
X).

Det For XEqCat ·
Fun(k . X) := [K , X] "functor/diagram category

"

let Kanceglat admits a right adjoint XIX
*

maximal sub Kan complex

Map(k , x) : = Fun (K , X)
=

( gat
/ kn aply completion

ETFAE : (1) X-gCat sSet + glat -> Kar

(2) [*, X] fibrant replacement

⑪lau I
↓ is a trivial fibration & via inner anodyne .

[15
, X] Li .e

.
bundle of contractible Kancplx (

(3) On [* ,
X]

↓It is atrivial Kan fib.

-> For 10prewe may choose a section so we havethe"composition

-
fro-of , .

-Cat it O-cts !
Joylegion

Map

-KanKanaHon-is &categoricala
requirFir less . surj & hoeg on Hom)

These fit intokn
E

To

-
①

f Th= holgcat) ↑ at, Cat

- I
T

? (rectification , but

We can do this now !

Lef A map of geats f:t - & is a Janey it in holg+
A map of Kancats--eg if E in fl-Cat

~EatT&task · r-categorical localization us Cato = g(at [Joyale"] -
·

compare Kan-Cat to glat to close the self-feeding loop
- KariCat DKeg



& Relative categoriesa localizations

Def A relativecategory is a pair (4 ,
W) when 6 : (n-1 category / poset

- W : a collection of morphisms of6.

poset

Def Fun (15 , 5) . (5 ,
T) < Fun(5

,8)subspannedSt
& A functor % FcD exhibits & as a localization of 4 wrt W (or

=> FEECto FunID
. El - Funlt · E) is fully faithful ul ess

, imagef
& j

- only for now

=
·NotIWT] is the 1-categorical localization

.

Fun(t
,w) , (E.F)) =: Fun (3 ,2)

Rem FE*
factors through Fun (5 , 5) => f(w) < @

· under the condition f(w) <D
, it is enough to ask to be an equivalence of

MFF)oFlIlI To Fun (D ,FB. 2))-To Fund,B .E))
2

= local adjoint at (5 . W(

(e-, cunique vy to contractible choice (

P. FWRelat
the localization E-twi exist.

↓ T
note :

Dex is epi corepresenting&#* -> EIW"] I
in Cato

also : - + (6 . %)

exer $1013 glass- I Catr -> RelCat

↓ i d Hd a d
Ani - Cats

4
° r00 ->

Isom-equirhe

Fact Relat-> Cato is essentially surjective. If . Polet Es Ani ess
. Surj

Hammock)o7 model str
- -l Cotibrant = RelPoSet <check Barrick-Kaul

localization · ↑ w e. = DK-eg after Hammock Loc.
I

sSet-Cat SSet sSet[whe"] = Ani
.

(RelPrs[w .
e .
") = Kan-CatIDKeg"] F gCat[Joyaleg] = Cato

next



5 simplicially enriched cats as -categories

[n]-[n] "homotopy coherent realization of [u]
"

# X -> Set-Cat e[n] : obj 10
. .

-

. n)

t I Homein)(i . j) =
&

& path fromein [n]

S poset by refinement
.

(= [12#klickjn)

homotopy coherent nerve

↳
Cat-Cat EesSet-Cat

Facts · Joyal eg
2 DK eq under S+ Nuc lat least between geat/Kan-Cat) In fact

,
these are part of

· sSet-Cat set Quillen eg of model cats~ enough for -

un

Kan-Cat -> gat . holkanCat ,
#k-eg) = holglat · Joyal eg)

-categorical
localizations

lose : Stinner horn incl
.] = hom-wise MGL -

exer check when n = 3

He Cati= Cata := Nolg(at) ·

U

Anii = Nalkan (

Def X + q(at,0 .
k, X => Mapxox)-> Fun(X)

↓ kn ↓ d ↓r : this is a Kan fib.
H-Cat

· * -> XxX = Fun(24 ,X) (RLP wrt Khorn inc. (
(Co .C)

Eat Yekan-Cat , we Mape( , Y) ==Mapg( . 7) compute this by simp-cptd
↓ b tech

x
, Y Kerodon O1LA)

-CatslA , 1) = Funld . i)
= C] us InletAt

&= Cats

Rn It is possible to formulate (0
.
21 - categories in set &

glat-Cat i 10
,
2) Cat

pretend to
, though not quite yet (until youeda

-

Fromnow on
: We work model-agnostically , internally to Cat we can still use functors from

Rogan: as long as universal constructions go ,
o-cats are I Cat. Kau-Cat to produce9

like 1-cats . example

I
2

. g . to establish a special property of Ani/gCat &
exceptions : Small combinatorial computation when difficult to avoid

,
isolate as a formula

-

simplicial sets as diagram shapes (graph in 1-cats)

(inner
Esset : k -> C

(anodyne ~
↑

Joyal eg "Category completion" e
.g. Spire[u] --

"



E Underlying fl-cats
we'll see :

Takeaway : Kan-Cat -Cat- Cat
, I glat- > Cat -> H- C+

gatT+ (+j+)(= Kan-Ani-f)An product preserving
--n

I
& G

=

->C · The internal hom Funlt ,
FunlD .E)) = Fun (t+ D . El

↓
+

↓ conservative & Cate : (0 , 2) - cat)
holt)-> holt) h

:
dat : homotopy I-cat (= hidCat(

· G = X . y
us Mape(x , 7) - Fun(t) later : Mappl 1

=) : Y
*

xC - Ani

And + ↓

* Fr ,3)

e
.g. Mapcatolte .

5) = Funct
.
D by construction

Many motion can be detected in holt) once data are provided in 1 (G+)

E
& fix-y isom in 6 : [f] : [x] Ec[Y] in holt)

in fact
, holt- holt)

= %FeO -> G+: fully faithful : holf) : If

es Ut
. f ess surj :> Lolfl : e .

s
.

# holflie.s.

ess
. im (f) isom in Cat < holf) : eq

7. factorization Etantological for KariCat
.

I don't see a model-indep proof ,
but

at least :

exr holflieg Et Map(f) : ison in Ani for n = 0
.
1 /actually nofollowto (

( X is a colimit-generator of Cat

er F: C -D- Ani is (1) fully faithful iff it is an incl
- of corn , components

(2) ess
. Sur ·

If it is to-surjection.

(3) equir if ho
·

eg.



S(co) limits/adjunction
x + 2

If KesSet (or Catol
,

K - * induces the diagonal functor S :% -- Fuulk
.5)

.

Bef Let K Get be a diagram. A natural transformation &ef exhibits=- limf

it the composition

Mapy(y ,
x)
-

> Mapike)( I,2)Maples( .

f)

is an isom in Ani
.
( in It)

colimits are defined similarly ·

ex k = 0 ~ terminal/initial obj : Maply . x) = *, Map)6 , 3) = *

In totalization
, Colim : geom - realizationa

= Funkf .D) computed pointwise .

Er Ani-H preserves products & coproducts

"FR,
"

Icollimits are special cases of local adjoints : &
Lef · Let F: -D . Alrightadjont of Fat CEO is a pair (yet ,

Fyl
ED

Sit .

YZEC
,

the composition

Mape(z , j) = Map(Fz , Fy)- Mapa(Fzc) is an so in Ani

Iglobal)
· A right adjoint of F is a pair (FR =B + -

,

FFREido <Fun( ,01
S

.
t . EceC

,
the composition

Mape(c .
F*d) -Mapo)Fc . FFd) Mapo(Fc ,

d) is an iso.
.

J
Fal

Eact 5 local adj at
every

deD- >
can assemble into a global adj.

use

Rem can be replaced by F1 : ide- FRF st.F FR & Yoneda
.

adjoints are detected in holat.

#ef F: % ->* preserves limits #SFK-& 2 - G limit come = EEFG /in core
reflects E

exer left adj pres colim
, right adipe lin G => Fr (kg) Fulk ,0



5 joina slice (computation here are done in set

Def In Cat, -trientedpush out

-E Ene
A-

colim diag

L I· b ↓

↓ : z dida ↓diBB

-B , ) = Funla
, BG)

-f)

ex the join
KxLteL the slice of KE06 :6- If)
prd A ↓ ↓
k-k*L 6 -> Fun (k

,b)

k" = k + +, k= * * k * Get me flo
.
Gul

↑ -initial
freely adjoin terminal

last associative up to cat eq.
fact Funk(K* L

,
4) = Fun (2 , %1)

L* k 617

# limf (resp - colimf) is the final (resp .
initial object of 31+ Lep . Ex)

that 6+ -t creates limits
, 51-4 creates colim

& reduces to K* LWL- > K * L
*

is an inneranodyne. ,
I think

Chede
Ex - Dd/

exer f is a right adjoint EVdED Ed has a initial obj
i

. e
.

1 +

/
left Cold terminal I ↳+ 5

exhibits (as frd

FormulaIm - Mi * K
-

2**
I + ↓ in Cat Y-

1
+* - ** d

*** k*L(k8L)
=

what is the ultimate formula for these combinatorics ?



-Gothendiedconstruction Si
V -> EGLI - Set

somelabration ↓
+

↓tantological fib EtCA) 1
+

↓ settf
+

1
B - the "moduli of fiders" X-Set X-eReVectY= BALIn) Xi Set

& .
What do Aria Cat classify ? sheaf

This is hand to specify :

any compatibly equivalent choice will be equally good ,
but

all the choice must be made

Ed #(1) e F(z)functorNHoch
-diag

Flo

SF
d · In fibration picture ,

Fli) * F(j) are given by "transport"
An

along if; described byamh. Property
A functor
- also coherence is "automatic" CB+(P

LetDdoedy e iscartesian it S
ne is uniquely determined- pdo-pd .

-

IGateinitial
a

Add
· eisCartesian if De-Did,

1 + 1
Espe- E/pdi

"

pullback across categories
"

op is a count
,

fib if VIEEC cocart · transport

cart fib--- I J exists

pla

Reme = p-cart Es Ed =* Mapo(dd) -> Maldo,
- ↓

Mape(pd ., pd) ->Map(pdoipd)
Remo (col cont edges/fibrations satisfy "pasting law of pullback" type stability properties .

· cocart fibs are closed unde pullback & FunlA
,

=) Istack two square diagrams)
· equivalences are cocart -A- Cat



Left
Let A Fightfibration is a"cartesian fibration p : -T satisfying one of the following

(1) P : conservative equin . conditions

(2)Xe4
,

4xh**Ani

(3) Amor in O is "Cartesian

Ex .
3 fo

· evo is cart fib

↓ eve is cocart fil IP Cartesian edge = Cartesian sq
C Co

Mregenerally : e
.g.

S(x

Eat
↓ left fil

↓ ! denre

Ey1Ti

Cart -A- Y

cocart fib & fructor
which

~ pres cocant edges
Cocant

of Caty EnCaty : F

Th CatarFunl , Cat)
, Cat Funct ,

G+)

full2 j j U
Ifib

-C+/e - Funlt
.
Anil · CFrn( , Ani)

4
↓

Ex= SX
-

R functoriality in:Flat↑

-of

·The universal AnixG lax pointed
↓(f . FedIfib & cocart fib

Ani-Ca+ 10 . d)



exercises (11 · Show GpdCasset fully faithful,(or at least you can reconstruct
-

a category from its nerve

Show the horn-filling characterization of the essential image
(2) If % Kan-Cat

,
show that1 - Nt)

.

(this will indicate the

↳ --- proof for the general case)

(3) From the definitions
,

check left adjoints preserve colim

right adjoints preservelim

(4) prove the following formula if I didn't

Pop Ye Cato
.

(i) F : t + AnimcolimF = /SF)
,

limF = Maple . SF) (= Fugle ,
SE

(ii) F :--Cat - colimE = (SF)[cocoF] ,
limF = Funct(e , SF)

↳ It cocant

# (ii) specializes to (i) becauseor
infib is coctcart

sections

C

(5) Construct the functor Mapel -
-) : %

* x4 -> Ani if Ididn't

(or I : 3 -> P(8) := Fun(4 Ani) (

prove I is limit -

preserving.

(6) Assume the Yoneda Comma that G : fully faithful,
· Show that if f:t- & has a local left/right adjoint for XdeD,

they assemble into a functor f fR:* -> E
-

and moreover show that these are uniquely determined from f.

· Show the equivalence to another definition of adi

17) Suppose Colimtnt and -F (or assume D = Aill

Prove · lim Sim Im for

· colimcolin foix-colimf .

(for this sub-ex : localization is cofle


