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Setup:

· A,I fixed bad prism, A ==A/I

· R is p-completelysmooth A- algebra i.e

--Recompletone, indego, where itissmooth over I

So:warmup/ Recall (Prismatic complex. HT complex, Prismatic coh)
OPP

we have seem (R/A) A I
the naive prismatic site with the

"Indiscte"or "chaotic"topology, sit all preas leaves are

sheaves.

obj: *
- B

↓ ↓ where (B, IB) is a prism

*I - R
- B/IB

Mor: obvious

0x(R- B/IB<- B) = B

OA(R- B/IB-B)
=B/IB

= ON/IOA

(RA)is Equipped witha weakly final object,St. Cech-Alexander

complex computescohomology of OA and OA

ARA:=RP (R/A)AA, OA) "Prismatic complex"
(p, I) - complete
comm. alg objectin (A)
w/ Frobenius action

EARA:=RTCCR/A)A, ON) "Hodge - Tatecomplex"

p-completeinD(R)

AR/A**I ARIA

E.g. R=A/I.

Final object-

As prsheaves are sheaves,

A= A/I

RYT(0x) =0 for is 0
RYT (0x) =0



Hodge - Tatecomparison the

Relationbetween ERA and differential forms on R

relative to A/I

Anda:

1) Describe theH-T comparison map
-

2:(C*R/A, daR) - (H* (AMA) [* 3, Ba)

Statethethm: It isan isomorphism.

2) say somethingaboutthe componentsof the proof when (A, I) is

crystalline I
and the relationto systallinesoh.

Maybe preview Cartier ison.

ITcomparison

91.1: Graded comm rgs:

LetE be a graded rg. It isgraded comm if

ab =G1)wnba (at E,bcEm)

E.g. M(K) for Koa comm alg objectin DCA)
where AtRing

Differential graded algebra:

LetA be a comm ug.

Dga's are chaincomplexes (E,di where

· It is a graded A. algebra (So EE* - En
+m

C
*+1 rule.

· d*:E* - E satisfies the signed deibniz

d"
+w(ab) = d"(a)b +(- l)"adw(b)
EcheEm

(EdY) is"commutative"if E isgraded commutative.

"strictlycommutative"ifabove +a=0 for

a in odd degre

(Equivalent ifI is 2-t.f..)

E.g.de Rham complex



Istrictly) commutativedga/A
ForgetA-algebra

admits a leftadit -BA -B

B- RB/A
Pf: B

12
- ↓2 3. ~ Unique extension

I EEl by taking

wedge products

as long as

a(yx). d(2x) =0

Xxt B

cautomatic of no 2-torsion
from comm

butelse strict

commutativity

Continuous de-Rham complex: guaranteesit, although
is
toostrongs

~
i

&R/A - derived p-completion(as modules) of

/E

If E isderivedp-completethena map

&RIE - E. is promoted toER/A-E

I here P

Fact: R is I -completely smoth Elkik R is derived I-completion
->

--

t
Kedlaya 6.5.3

over A of a smooth A-alg
-> REis finiteproj y correct

rR.

+Ro has no extrap torsion:smover
A. O A isadd prism

..denied completion:classical completion

Resultfollows from geom. arguments

31.2 fetM =D(A)

3:H(Mx [Y/ In+1) - *(Me In In+2)

be theconnecting hom obtained from the exact sequence

0-IntyInt2 -> IYIN2 - IN*YIN2-0

Then Brt'.* =0



I
If:

T
n+2/qn

+3

-

-> Inyoituts->I4
O

B↑
↓

↓n+1)

o
-> Irtyfut
t-
II

↓
⑧

Take M =AR/A -D(A)

32:MYLARA**IYINH)
-> Hn(AR,** **[n+2)

17
Il

↑"(IR/A) * IYInt
H** LERA) * IYInth

-(ERIA)"*(I/IY)
*"

!

H2(*R/A) 323

"BreuilKisintwist"

⑰ HAR/A) Sing is a graded comm. A-algebra
n >0

[In make it d.g.a.L
In degree o, admitsa map from R

- :(4, dam) - (H(VR/A) [3,B)

Thin:y isan isom.

Mi

Cor: MCFRA) = OR/E [-}

Cow: ER/Ais perfect

52: Now A =2p, I =(P)

M =#[Xx --, Xr]



Idea of proof:

WTS: :(4, dam) - (H(VR/A) [3,B) is isom.

(A) Last time

1) **HPCER/A) I crystallinecoh modp

IiS crystalline - deRham comparison (B)

=H.CRR/A, daR)
(RMS)

2) 4R/E E &RY/E Spec RC- Speck

L
I

↓
I(LHS( Spec E ->spcE

3) Use cantiesison toshow that

Dn":RF- HICRME, daR) [i) isan icon

4) conclude that each y isan isom

(Here PEis id, buteven when A ismore generall
so trivial

(A)

LetP
=4p [X...., Xr]
5 =be(P-R)

Sw(Xi) -0

As seen lasttime, P4=prismatic envelope of(P,5)
is a weakly final obj



ARAis computedby

-

P(, =4g--
where 5

=ber)P**- p-> R)

in

& R Tays(R/A) is computedby

Df2(43) -Dj (P) = -
...

Now, SPFP-- Spf Aisa cover in the cat- p-adic
W

formal schemes a po isthe ass. Cech - Alexander complex

> A-opo isa htpyequivalence

I 4p.:4° - po isa hitpy equivalence
as o isicon on A

-> I: guespay- p*(p. [13)" a

ntpy equiv

1IS

↳.

Fact: ↑
2

5443 = Djn (**)

[The uncompleted rings are identicalin4*(4])

ARA
** ** R/A T RYrys (R/A)

(Shenzong)

(B) cystallure todetham comparison: RTs (R/A)
-> /*,Ds(P)

We have

0-D=(P) -> D5r(PY -> D5e(PY) -...

↓ d ↓
Dj(P) xpp/ - Dfz(P2 *- ....

↓ ↓
Dj(P) xpp/p - D52(P4xp244 - :

↓
"

Turns out, going down fast & then - leaves justthe

cohof thejustcolumn

Going -> fustonly leaves the coh of thefastrow

1 ais daR
-

=>Rys(R/A) isgis toDSCP) *p R/p=MaRX...!xr]/p



Modp:Rays (M/A) **Ab
=

JR/CND).) in
D(A)p)


