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(a) there exists an integer r # 1 mod ¢ such that 7* =1 mod ¢;
(b) there exists (up to an isomorphism) only one noncommutative group
of order pq.
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F \ 1. a) Let G be a group of order 5046. Show that G cannot be a simple Nlﬂt'e . N 4G
2ol group. You may not appeal to the classification of finite simple groups.
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b) Let p and ¢ be prime numbers. Show that any group of order p?q is
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(b) Can a solvable group contain a non-solvable subgroup? Explain.
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Question 2. Let G be a group of order 24. Assume that no Sylow subgroup of G is
F 2018 normal in G. Show that G is isomorphic to the symmetric group Sy.
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Fua l 1. Let G be a finite group and let N be a normal subgroup of G such that N
U= and G/N have relatively prime orders.
(a) Assume that there exists a subgroup H of G having the same order as G/N.
Show that G = HN. (Here HN denotes the set {zy|z € H, y € N}.)
(b) Show that ¢(NN) = N, for all automorphisms ¢ of G.
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1. Let G be a finite group and p the smallest prime number dividing the car-
S)ﬁ‘o \ dinality |G| of G. Let H be a subgroup of G of index p in G. Show that H is
—  necessarily a normal subgroup of G.
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1. Let G be a non-abelian group of order p?, here p is prime. Determine
5 2000 the number of distinct conjugacy classes in G.
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‘F?ﬂ% 1. Let p > 2 be a prime. Classify groups of order p? up to isomorphism.
cTheee abeliann canes ¢ ’Z/g} ) Z/gl@%’f ) %@?? @%

From now on we take p # 2. The two nonabelian groups of order p?, up to isomorphism,

will turn out to be
Heis(Z/(p)) = (1) ? “a,b,ce Z/(p) @/@?’)XI'?/ Low 3
001 (A AN (\Qwh Cowvad, %m?sﬂg odm? )

ca,beZ/(pY,a=1 modp} = {( 1+0pm 11) ) :m,be Z/([)Q)}, %;q %

and
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o =28

b
1

leq_ 5. (a) Prove that every group of order p? (p a prime) is abelian. Then
classify such groups up to isomorphism.

(b) Give an example of a non-abelian group of order p® for p = 3.
Suggestion: Represent the group as a group of matrices.
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Fi":g 4. Find all irreducible representations of a finite p-group over a field of
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Fastlo 1. Let G be a group. Let H be a subset of G that is closed
~ under group multiplication. Assume that ¢> € H for all g € G.
Show that H is a normal subgroup of G and G/H is abelian.
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1. Find the number of colouring of faces of a cube in 3 colours. Two
colourings are equal if they are the same after a rotation of the cube. X = ( Stk ,Rw'l) — 4+L;.u Q.lwsl,)

[Hint Use the Burnside formula bgls” c
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%4. Let f be a polynomial with n variables and put

Sym f={0 € Sp | f(Zo(1); To(2), - - - > Ton)) = f(@1,%2,...,70)}.

Prove that Sym f is a subgroup of S,,.

Prove that the group D, (of symmetries of the square) is isomorphic
to Sym (z122 + T324).
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a) Let H be a subgroup of a finite group G with H # {1} and H # G.
?b\ Provc that G is not the union of all the conjugates of H in G.

(b) Give an example of an infinite group G for which the assertion in
part (a) is false.
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SIM? 1. Let H and K be two solvable subgroups of a group G such that
G =HK.

a). Show that if either H or K is normal in G, then G is solvable.

(
(b). Give an example that G may not be solvable without the assumption
in (a).
(Q) aAs L Hag.
\< > G — G‘/H Ho CﬂlMYo (‘\‘\1\0&/» 5 S'ur)eL‘\‘(w \:w) Hk= G, so

Cliy = ©liyy 15 sobunble. Snee W G todualle, o B &,
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~ VYacg, 3leH W3ls):S ~L'gek, ¢ G- \—l\c
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1. In a group G, let 1 denote the identity element and let [x,y] = zyz~'y~! denote
F1°°3 the commutator of the elements z,y € G.

a) Express [z, zy|z in terms of z, [z, 2] and [z, y].

b) Prove that if the identity [[x,y], 2] = 1 holds in a group G, then the identities
[@,yz] = [z,y][xz,2] and [zy, 2] =[z,2][y,2] holdin G.

1. Let k be a field. Let G = GL,(k) be the general linear group. Here

S2005 5 (. Let D be the subgroup of diagonal matrices. Let N = Ng(D) be the S'" 'Z
normalizer of D. Determine the quotient group N/D.
Faood 1. Let G be a finite group. Let Aut(G) be the group of automorphisms

of G. Consider the group action ¢ : Aut(G) x G — G where ¢(0,g) = o(g).
Assume G has exactly two orbits under the action of Aut(G).

(a). Determine all such G, up to isomorphism.

(b). List all cases in which Aut(G) is a solvable group.



\:‘10\6 1. Determine Aut(S3).
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S 2008 4. Let V 22 C" be an n-dimensional complex vector space with the stan-
dard basis ey, ..., e,. Consider the permutation group action S, x V. — V'

where o (e;) = e,(;. Decompose V into simple C[S,,]-modules. Ca;n_,l‘ ?i ;:i
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5. Find the table of characters for Sj. (6’&0 [4_\ X "
6. Find a table of characters for the alternating group A5.( :‘LQLL ) geefa| 4 \- \\ 1) \——\ \ (

3. Let G = S, (the symmetric group on four letters). Sl

K
(a) Prove that G has two non-equivalent irreducible complex represen- Qa("?“ C X .\
tations of dimension 3; call them p; and ps. &erv. X!@?L\ ‘ g%"" ge@f- et

(b) Decompose p; ® ps (as a representation of G) into a direct sum of
irreducible representations. (FLo ©)

4. Let p : S3 — C2 be a two-dimensional irreducible representation of
the symmetric group Ss. Decompose p®? and p®? into a direct sum of
irreducible representations of Ss. (Fzou)

3. Let G = S5.

(a) Prove that G has an irreducible complex representation of dimen-
sion 2,—call it p— but none of higher dimension.

(b) Decompose p ® p ® p (as a representation of G) into a direct sum
of irreducible representations. (Fas @
6. Let Sy be the symmetric group of 4 elements.
(1). Give an example of non-trivial 8-dimensional representation of the
group Sj. ; B Comnst be writien aq
(2). Show that for any 8-dimensional complex representation of Sy, there (ot rost 1) +(Suw .E. s
exists a 2-dimensional invariant subspace. (S 2006, Fres3)

5. Prove the existence of a 1-dimensional invariant subspace for any 5-dimensional repre-
sentation of the group Ay (the alternating group of degree 4). (S 9003 | Faee¥)
6. Consider complex representations of a finite group G. Let o, ...a, be repre-
sentatives from the conjugacy classes of G, and let xq ...y, be all the different simple
characters of G.
(a). Define an inner product on the C-space of class functions on (. so that

{\1...\s} forms an orthogonal basis for this space.
(b) Let A = (a;;) be the matrix of the character table of G. ie.. a;; = xi(0;)
(1 <.y <s). Show that A is invertible. (S200 4)
S20@ 4. Is S4 isomorphic to a subgroup of GLy(C)?
Jan07? .
> T Here o F30RL 2-L cpx epr o $o 2
No . bacomse (X_MU &QLLWN—)) = th,“ (tervn) od o - 0Lpins ot
S \‘e\.v.qe.. §6 Yp:l-daa
Kogn W60 = din U5y ) ?( o) "
((EH & = 5
WG9) = A .
(Xw‘.qp& ) = dbn (56, -4) tw pariienler @ vt R
=
Qa0(0

6. Let G be a group with 24 elements. Use representation theory to
show that G # [G,G]. (Here [G,G] is the commutator subgroup of G.)

G=[6.6) = @ =4e) & onlyhvial &l vep,

but s \\AMTo-;s'\\>U Yo Aare 11-‘:1\.* ~ak =24 \<: t:a nod z-lL:L;.“é}zmu
&% B2 o nezd at Lanst Hhores odd k'S

\14—31-(- 31-4 'SL =29 > Zq"
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7
\:)—0(6) Let G be a finite group with center Z C G.)Show that if G admits a ?Qei """j&blg
faithful irreducible representation G — GL, (k) for some positive integer n \,GL.,.[{) .
and some field k, then Z is cyclic. by Faog, problen<t

ForowA CSGZ,, \JW\} Counemrte S L o E(S’) ,‘SGG

te. hIG) - Aowomeplisn.

SO KQS’GA , by Selawr's .QJ-\MM Q) €& (scolon wadrix) 5
T A oy closed, by 0 e K e

So e home o,\;,:xeéﬁw 22—k New note ot Oy (‘DQCMS‘*({“&"J&’# wdnd ()
=5 e

TO 9 cs kol o, coatden CHoGLAE) m GLA).
e?&{= Se--oJ,. G 40-;\% ore K sauas | mFe(G‘,; =Kar€m6‘,: are -Qni’%é

é:gg,lk\ Gollets corjuqetes @,&@Lz@)
Sa0c05 6. Let V be a finite dimensional vector space over a field k. Let G
be a finite group. Let ¢ : G — GL(V) be an irreducible representation of

G. Suppose that H is a finite abelian subgroup of GL(V') such that H is
contained in the centralizer of ¢(G). Show that H is cyclic.

Sont .

Froto 6. Let G be a non-abelian group of order p®. Here p is a
prime number. 2(§)=14,6)*% , Ghe\® @gg{,*% ~or B s rep

(a) Determine the number of (isomorphic classes of) irre-

ducible complex representations of G, and find their dimensions.

(b) Which of the irreducible complex representations of G are
faithful? Explain your answer.

0 usney B Rt Bt dnb LGl Lo Vel
\7. G o "‘11"- &?* T '*J\:.l % gm‘jﬁ?&ul wlg ul,u.ﬁ 4: =p. ? TH!"S M@J:«\..'L
(/_\V't_J \,_E\_l,_‘; Y.\ “\'MQS 04‘1-“‘-\?
(b‘) G — G“’.__, CX Yo ol ;\,:iex:\-‘nu. So d;k‘\. “‘PCQSG-K wot -Bx-\‘\‘(/vc‘i~
et G Lo GL'(C) s Theep . L e s wot ‘rul‘u'Hu. & Lebrs 'H«wﬁL\
Hhe qtied qiev[;/ bt e | Feg) = Lty Qe 75 obelion, o ‘r‘-s?(‘rfs vt
So ‘hkk.l Trreps Owe eI PO | Codradiction



Sa0115. Let K be a field, and ® : G — GL,(K) an n-dimensional matrix
representation of the group G. Define an action of G on the full matrix
ring M, (K) by (g, A) — ®(g) - A when g € G and A € M, (K) (that’s
a matrix product on the right-hand side). This in turn induces a group
homomorphism ¥ : G — GL(M,(K)). Express the character x(¥) of
U in terms of x(P).

o
Ly To= :R_’_ ; \ M), ThanlBighis wbousic 4 M.(6).

or ay PeGLlO), PEy= 2By

LP,J) Qm\,; R Eij (20) Couis im fract )
So HuwAma o C’\h(l:)——nMub)) 5 S P = ,A.w).
A — PA 24

Thorbee %@ - AN HLE) = 1n e g2 B = n X@)G).
4.0 ‘3

9485 5. Prove that a tensor product of irreducible representations over an al-
gebraically closed field is irreducible.

Sao00| 3. Calculate the complete character table for Z/3Z x S3, where S3 is the sym-
metric group in 3 letters. S sord paviol
1w v 3

Tor. comach
v

G GLRV\&MM pLow: lerep

G s Kun=n = Q"?‘r‘ A a?Y‘,_ TH-EF
Q",_ H—:GL&W) ) QET( :-':(E Qk\a@ Q(‘\ Q}(’(t\'m\
GH fut, m‘.?
E_?_'l@ % oj-g XK. lt(r\-e_? ‘4 GYH]( <ertle1t tmﬁ te. GaVv, H aw

O T . Q uv-c? =) e@'l'[ trve — Gl o VBW
L@\ ’; W er e veducible P QEK‘—QA"QBL‘ BLl “Q\LAA?‘{"P\BM'('\V\'&“’ “’S. ®°-\-A ®

® ~ |,V C" e W
Hou (V v lIZ] H%}K \%'H‘mh“

&) Note thot Howgr (v, Rl Vow) =
e dendidi codion s H - R
N° Suwpprse vc\s w s GxH- wvart ot - T‘t\ﬂhﬁ . H _ qvbseuu\-
" W a0 o b,\zwe\mu\f_\:_\,\) @ 0w H-lnwwe
= \_RDWJ“QB&\' 2 g \]@o\vjf_’_'\) ic oun TSOWQY'PL\:CW‘I we laind U=0°Yvow-
STwer
l\\w @04, ocliow 4 H o "L[Gl P, &1 Selours lown

Q_,\,\] W er W= 0. l‘
— SCalar
Py oty o 4 Bt RIS = R e, LR

—-6

"™ o¢! o S \AV'
k=t ond Hoshs Q Hm&.b\ ‘c»Hci«):/ésLa(f -
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Todod repn o ¥

q I [ ¥
o Modg g o Hod = @ o\ [ Qi) (@r)
‘(“\ < G > ARy Pesi &) “&[@%ﬂ\/ 1«16-9%2_\ i it Febn
oot of_whuord g Yoy =@ A(Ts) O
\CARNY
@ A GITHIOY, s 14 dacats ooy it oane. v

[
(4 gin-lolmge ot oot o glog ) -bRgn=cgiy, 5t froce e
Dlack 3 @V —fleV s Xy )= N\s g o) .
Qu00§ 6. Let G = S,. Consider the subgroup H =< (12),(34) >.o #4 <%
(a). How many simple characters over C does H have? |H*\ = |H\- ¢
(b). Choose a non-trivial simple character ¢ of H over C such that

¥((12)(34)) = —1. Computer the values of the induced character ind% (1)
on conjugacy classes of G, then write the induced character as sum of simple

characters.
. X G . -
f\&)\'\"‘a j\c 1&(}\be v D -da vepn . %%@\‘ [V U@W\gw“ dovocter
1 —
@ +—s 1 (- ovrta X Lo TS chavadter +ebla
39\ - X ~ &
E (s : - ""’;((" G ¢ T4 o
1) =6 @S
= S @ %
VECMl-vad () ()2 D x(e'mis) =X() < XB3)=0 @5
Q_—'\ (e lﬂeelh "
= (g0 @) > e
- 4 seHt K=o (e lebh swtvbes Tlnoer)
08 f seldb X (@)= o

= ) =-2
) = O (e EIENE) = 2X 1
X)) 59(;6@1-\\ Tt T ganio=mbe) & § eHor (e

G wSlon calons
Frobevtve Ra.c.??hct"'"l_ H“‘“"e(-&"‘lﬁ\l ) W) = \—\O‘MH(\J‘ Resii\W ) (eptevsimn o s E

i
*£< Xaay » Kwda = (X o 24

SWE
(6) Let G be a finite group and H an abelian subgroup. Show that every
irreducible representation of G over C has dimension < [G : H].

Let @1 Trrep £ Gl dim=d
T e 1-dit)
s Res f =@ 0T onvepe AH (K obdaw =2 T cre 10

<'X€ 5 X},Aﬁm>@‘ '=< 'XRAS( 5 X’R.\)H =1 &
S p s an trred -Qm'\vr O%&Ai'&' , Bona A\wesabvhmﬂ“\: (@l—\§



G008 6. Give an example of non-isomorphic finite groups with same character
table. Construct the character table in detail. -D a-d Q. (@s =B Q + ')_.-Jw._ Swep)
Sao(a 4. Let Q denote the finite group of quaternions, with presentation c\ar \54"""""“""‘*

@,3 oW ev‘\'&ﬂ“"ﬂ'\"l‘a,

Q= {t,si,85,s1|t> =1, 57 = s? = s} = 5;5j8 = t}.

(a) Determine four non-isomorphic representations of @ of dimension 1
over R.

(b) Show that the natural embedding of @ into the algebra H of real

quaternions (¢ — —1, s; — i, s; — j, sk — k) defines an irreducible real
representation of @, of dimension 4 over R.

(c) Determine all irreducible representations of @ over C (up to isomor-

phism).
ab
(@ fo@l =4}~ Q= Qe = 24 v %~ T-die veprrecesfutrons
‘1’1_1'—‘_—9( Lo o) Ql‘ﬁ_a/:_xz/“_}"_.fy
Tr ¢y o) Krdus Lee © s
£y ——> (o .1) to. y —— %
rk (a0 the Lleel == 9
o. |\ — -
(b) Q‘X(t\\t;'ij'i{ﬁL*H* H RQGRR@@-SQRF Kt kk-ﬁ) — -
Loy 1) — |

ow cohion
et TS o i

\) e Qefr
Nots uﬁ-q?oa B Wwriont  becanse £ onyy x ¢\,

o, I, 3%, BX m—eovke\annlz_\,awm%oQ Arcden Spoma iy
(C\ Cn\.-g\OQJA k\— 0 Y- dwaarevall € e o o CrLeLy 4R -Pe-sv:; ¥ dacible (Bu\‘?&. Totmae FROSeLG ¢>

(W1 IV, -\’e-ldna%d
N ot Lo 1-do- \\'rc.? one Y-dinn el od Be®+| -«,(4—2‘@10 s’
o ve

S Al s R E’(’*“\S —~)

Yy i (L0) /|
Co 1) — -\

\ N
‘\‘9qu Q2 a 1 1 1 or(] t“w °V(-L‘ "
Kol LVt t - pltn = Kf\ 1;) (or by o orality )
X1 l [ =l { -\ <
|

> (_lk') - &D R >
T S €
9 [2 2 » o 0 4’J S
Flbbq‘ 6. Let Dg be the dihedral group of order 8, given by generators and relations
<rs|rt=1=5 rs=sr'>

(a) Determine the conjugacy classes of Ds.
(b) Determine the commutator subgroup Dg of Ds.
distinct degree one characters of Dsg.

(c) Write down the complete character table of Ds.
= el +2-(n-Vxl+h+ =4n
Sove Bp.;\lw_[[\,' ‘Dq—v\ =<o.T 10:1:'\.; =1, =@ > l/z [V PPN

clod: x3)oonj Hanaens 1) {&*3Y Aefatmon-, o), 46T (v, (el |§:eadd

Determine the number of
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W Bl = {c¥| k=0, 010 My By 40 AFlpes)  (olt(jedsd

D Do x %% = : !

X | 0 E=y et ]

T — S s / ' I i =

T (s V) Xl or o = 0

O Qv \=diw vepr . | = T3+T oo Q (&)
[SXswmt

A e s it - - adin T 4m
SN Ol; =9 AV
Considin s coleion <00 = Zhy
homclos B H50 € (o) S-S
S e—> T, T.-e¥ o

an

Lt T b o o (1) = (o) olrait) = T3 < C2 (i) =0

ltctk caleulabinn
b ettt X, X 0=

Flo o 7. Let Dy be the dihedral group of order 10, given by the usual generators and
relations
Dyg={#, 8|7* =1=28%r8=8r7%)
(1) Compute the conjugacy classes of Dyg.
(2) Compute the commutator subgroup D/, of Dio.
(3) Show that Do/D} is isomorphic to Z/2Z and conclude that D, has precisely
two distinct characters of degree 1.
(4) Write down the complete character table of Dyq.
b o =\ ) ‘ 04
. - —T=\, 9= w9 D 1@ fois
G 'Dq.we‘l (G—' T \ N} 1 \_L___‘/-’\l
&) calony ) - —
I T L NI v IR
Q,-\As < e e
Ko | & T Lana
[c,ca @)~ G : - o
CoS -
C{>. C@ (Q‘) =0 C 2ms V-dawe wregs (nRY oxe i""‘ w3 °"ﬂ]
@’ o b e forny PERTEA
(r "_’_’K'u\-(l g:..,.u-: e ko \

ow cawn do Fho o Tk tedaipe Lo zy’r AYn M)
(-\-\»75 18 Wnarder 4o do explicitly
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@elt /righ) (or vight ) . i (el 2bCe

C—T)VA% (@7 S‘qu:.s‘w[’(n " E\;Xpwmd smwib) ! RJ;;_ ©)

s ~mods STS e [ Maf D) x Tty ov
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Flo\q 5. How many two-sided ideals has the group algebra C[S3], where Sy is
the group of permutations of {1,2,3}?

\)\)OAAQY v Awh?os‘r\*w

C‘,g‘s’x == MG&KQ\ x M, (€) KH:‘L_LC) oll Ao -sided tdeads one ;‘ Wi e/.!v Hane, $o
N o (Bdd ez fow ove T >3 ke
Lon Dfreal Hay $3n L'E atd) Bg{‘.{%—_&w}r@ O e’.k

Floo‘} 6. Let p : G — GI,(C) be a complex irreducible representation of a finite
group G. Let y be its associated character and let C' be the center of G.
Fasel (a). Show that, for all s € C, p(s) is a scalar multiple of the identity
matrix I,. € Schur's (gwoo TN s vorhs u+uv\:'"'\%
(b). Use (a) to show that |x(s)| =n, forall s € C. — |xls\= \-h—LxL\lw\.,
(c). Prove the inequality n? < [G : C], where [G : C] denotes the index
of C'in G.
(d). Show that, if p is faithful (i.e., an injective group homomorphism),

then C is cyclic. ¢— Lyst ;‘&M o’—? C w© O\jc.\‘\c_

? eib
() G £ QL) porfdets o Co e Rom R aval, W) 3 e \u
Y (fee. Q) — Eud(y) exlbets Van o Suqly Q) st '%fm
Q[G-) j_;gw\(\l\ —Q B A Nectton asts TS \»’aAAe‘&ukV\ c»wlgahw:\-, T ?th».hhﬁﬂe/ .
Thenfon cL\..EC[G]/\m'Q3= W Now T sufftces to See doat vereSonstintioes L Coat™s

Tt Cll ez, mher 4 g=gc, e =P de vhiwde@ (o)

§zo\'¥ (5) Prove directly from the definition of (left) semisimple ring that every such
ring is (left) Noetherian and Artinian. (You may freely use facts about
semisimple, Noetherian, and Artinian modules.)

R -.‘Q,_{-(- Q(u.,.‘\s?».‘(a_ GT‘P R S'e(»:fs'\\/\—-rlg _Qaﬁ Ronwodle , <o 8% %L, L L:-.q?.,.?l._ (._-(:\-n&«eda

So r R=Li®e—al, e wardts prone Koy tis &waﬂl ?5(-).\1‘&:_‘ () eiﬁgfa wany €réo )
Cavsr e O¢sL.¢L@l. §--- SlLe--ol & R. W Preve ot 35 0 Gufesiinn Ceries. Higas G
tord wadnle

a-('[w\ Q—‘&'{'TM M Sa-+'\"?'ﬂw L:@‘-Q’LECMCL‘O—.QLE“'Mﬁh\"‘a'\‘e‘ﬁ\l*

H oy
0< Hﬂ_\s -l < L\__*\, So \,.1 z;'.\...?\\t‘r\\')a{ L\c&\ , lJ\ vt be Q,\LII\L\ "ng“" L@"@Lb*l .



S2005 4. Let R be aring. Let L be a minimal left ideal of R (i.e., L contains
no nonzero proper left ideal of R). Assume L? # 0. Show that L = Re for
some non-zero idempotent e € R.

Ixel st Lx$0. suw Lx na wenzeo sbwodle of L, we howe [xs L,
v Je el st €x=x%, s (@-2)%=0 Non AV\V\LQ‘X\“'«"XEL( yx=04s L 1s a
Q,v-gg\‘c Slrinsdntlr , S A =0, od 1ars € TS o novere Teepotent.

S Re ¢ 0 werRed fols sednmodile of L, Re~ L. &

S2016 6. Let A be a semi-simple finite dimensional algebra over C, and let V' be
Faeob a direct sum of two isomorphic simple A-modules. Find the automor-
Faoog phism group of the A-module V.

Vs Eof | whie Brsagh Arwsds Nove 10 by Glawrs s Bl ()= €
Thasebre Fda(V) = MetlC). Trs toontible Qs o AtV =GLLC).

Saol0 5. Classify all non-commutative semi-simple rings with 512 elements.
(You can use the fact that finite division rings are fields.)
Bj AV‘H\A‘ LA)ecuevLuvth +e40\—€w~‘ %M'z—<'ih~'r[ﬂ- ""'-'\’*"0" ecd e:‘ e '€°H"‘
A= Mot, ()« -~ W‘kml{z\\ , e s ave Jxyiston “Tnige - IF 4 7s
Tl s Hoan, A e Tt 00 well ) S e Lnave & st ‘Jx"?@zh e T

el Mo v oty flns g) ok et Q40 mS
. AR o Qonsd ore Wi =1 (Sunea B ST
(.i. : ?au% fo fh\- ) © (_,\,.\..;‘. seu,..-s\v;y(-.
\Me.u-ag_ owdtme W, 22, TPwm, =3 Hann A%M‘*'a(FJ' @ Fx%
Py, How AxMLE) rE o AeMat{B) MR <F, o AxMetB) ] FiL R

By ey
F20ll5. Let A be a finite-dimensional semisimple algebra over C, and V an A- Fs x«::
. . . KRR
module of finite type (i.e., finitely-generated as an A-module). Prove RxB2
that V' has only finitely many A-submodules if and only if V' is a direct ke

sum of pairwise non-isomorphic irreducible (i.e., simple) A-modules.

E\j (,\V(_l\_\,\jq_qLLm.&Am ~Hruruam A% Mh\((D*'“" Mv‘k(@). Civee A"""M RN ?WCL”U&_ %
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Maoep afe o, ,["he--chGh iy

Swiéovs

‘/\EM A F ‘D ‘Y & 229 Yonll.
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Question 1. Let V' be an n-dimensional vector space over a field k and let a: V — V
be a linear endomorphism.
Prove that the minimal and characteristic polynomials of « coincide if and
only if there is a vector v € V so that:

is a basis for V.
Question 3. (a) Fix a positive integer n and classify all finite modules over the ring
Z/n.
(b) Prove, either using (a) or from first principles, for a fixed prime p
that all finite modules over Z/p are free.

Qg & 7/(,\ \Ab’\' P‘L’D
L0~\ M- Bt wokads over 7,
= Lot teodlo ovor 2, w2 ock on M by 0 (1002 < Aun M)
BB ‘\‘e\" S’\‘M’\-\we +eW‘"
Mo 24, @ Zhyo - 0%, 1)l
Ounii\oded by n &= wmn.
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\ ot o WX Jowedule wiith Ay N = (£00)

Shoectne Al ~o V= HYG® - © HGay , Lafeze, 301 (9.
(e OLAn 2 botl. cre
Mo Ban N=GK) | res (00 =(6w) (72

[ARAY MO~ —Sl =],
© Cosactertstic plyemtd = 3003003 K\ @dine - & ) =Lt det(Ae) )
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(2) Let A be a free abelian group of finite rank n, and let A’ C A be a subgroup
‘FZD\'_} of the same rank. Let xy,...,x, be a Z-basis for A, and let z/,...,z/, be

a Z-basis for A’. For each i, write x = Z;lzl a;jz;, and let A := (a;;) €
Mat,, xn(Z). Show that the index [A : A’] equals |det A.

N oeZo A — ce§ - TAAY= \CAFl= mimm,
‘ ~
l\zsh 4(&:‘}\ < .“ZS—V\ —‘%%;S'eﬂh 'Ih %FM‘U\“Q AQM&E) Con .Q/""\M*V\JA wite

Q) w US‘(\»% ¥oud 2 cxlimn c‘)ev-a'\‘ms,

€ — Q,;) €;

‘M(\——-\W\c ,W;€Z>o

T oo cons k=0 Suen (s of K ead,
<o lA.(:\' N: W - WMy = Y,/\/\}

5. (a) Prove that an n x n matrix A with entries in the field C of complex
numbers, satisfying A3 = A, can be diagonalized over C. mw FV% dwideo }\3 —/\MW D{&;ghw ﬂ""“‘/\
(b) Does the statement in (a) remain true if one replaces C by an arbitrary alge- 1 Hactrs
braically closed field F ? Why or why not ? Mo, 7% chan k=2, mhn Pn% Cam e Q—l) K
F 3. Assume that A is an n xn matrix with entries in the field of complex numbers

900

C and A™ = 0 for some integer m > 0.  halwal lovaed TS Lo =1 for —)-eu. Solleat sicl wa,

Sao00l

a) Show that if A is an eigenvalue of 4, then A =0. £0) =0 = A=0
Determine the characteristic polynomial of A. X"

(

(b) ool o(®

(c) Prove that A™ = 0. Co,j —Hawaltor f kg_g_ﬂ?,) or :%", o
(d) Write down a 5 x 5 matfix B for which B =0 but B2 # 0. o |o ) 1
(

t

e) If M is any 5 x 5 matrix over C with M? =0 and M? # 0, must M be similar
o the matrix B you found in part (d) ? Justify your answer.

e - Thars ove. fum Fod-tck of Lare=§ itk armctiletor = a0) FBY b, ¥
Y018 F Question 4. In this question all modules are left modules. {'&16@)“%"]
Let k be a field of characteristic different from 2 and let G = {e, g} be the
multiplicative group with two elements. Consider the group ring A = k[G] ’-}_"f?-[%_‘ )
(a) Show that the A-module A is a direct sum of two ideals of A.
List all proper ideals of A {b{%\("*\\g’ {B}{x-\\ x &9/0&\) cack, ,_,‘{. $Pont are

Is A a principal ideal domain? o (ot 0 el dowrin ) . /g...—\:% 35.(::.. 3
(b) Show that every A-module decomposes into a direct sum of simple f"( ) E’%X'“)
1

0
A-modules. 'S"-l?’\—‘f‘\ be &Or:ﬁuv\sfl X~ M\é E) =__); {Q,.(J‘)-'\\ew-@«-\\
Assume now that the characteristic of the field k is 2 O. v—— Lo.q: LAY (R« 0\1;&““.(. ["&‘7

2 2

=@

(¢) Give an example of an A-module that cannot be decomposed into "
direct sum of two simple A-modules. A wt §e\<€ M Ag l:t&] 6(..\)

’(L,_wlhm\v\vbﬂ Weod s (K—\\/O(—\)L_

S ‘.)_003 3. Prove that if a linear operator on a complex vector space is diagonal in some basis, then
its restriction on any invariant subspace L is also diagonal in some basis of L.

b ? V Alﬂ-auw[ﬂnkh & witniomal polymoiicl P og £ = TT (-2 £ Ap dushuck
P('Q\\,\ -'/\)\%‘\L =0 = Win (JA‘/ £ 'ﬂu dides P . ?b'kﬂ‘%va'\'\hl. Souane



© et e an invertible n x n matrix with entries in an algebraica. close
S20l 4) Let M be an invertibl ix with entries i Igebraically closed

F field k of characteristic not 2. Show that M has a square root, i.e. there
2006 exists N € Mat,,x, (k) such that N2 = M.

Co\»eu{u\ 4‘&. Todon conowrend 'ﬁum PP = B \
Tt s do b K, st Tom KD besee Hon w2 b

)\;1 4(.§\') | L _ ~
[\jow .c‘,‘, ‘j:t e = >\1+ A O )\NQ, WWK;:A/ZZ L/;_)(/\IA)
A X

\F" Codistres
A =k,

Yo

. ’{ *=0
4 0 {L VGe OLAA.".’F 2
81008 1. Let k be a field. Consider the subgroup B C G La(k) where [a')
S
B:{<a Z)la.,bﬁdek, ad # 0}. el 6B
0 & H"L %‘g'ﬁ- 0
- = 0
(a). Let Z be the center of GLy(k). Show that =\ 90 M—f_ (‘l) 6<L|)>
ﬂ 27 'Br = Z. (?’)‘Q«‘_ ~* kﬂ\\ S o~ 2-‘%[«%\/@\""
@ € GLa(k) 94 .
(b). Assume Fk is algebraically closed. Show that ) & 1 wLn\\" Q— <6 e cﬁa\pS‘r
U 2Bz = GLy(k). &% mochiX (8 of

p!
) ‘h"“’a""a‘-‘%u" = 'A; Scallon, S € 2

(c). Assume k is a finite field. Can the statement in (b) still be true?
¥ L ot 18 b a4 A 3 gagpvector.
e 6wl oﬂ»mas‘-\’h cant Lo, %= © bectnse Here oxisYs Oﬂk‘reA ?0\‘7 9’—? 1116”*’1-
Efa 2 ’—ﬂd T N
€4. foka omy O ’d"-\ﬁ/ oo E E¢ S 0 Liean MF4 . F_Vec-{-_gp_
whete Al P el (S trredibl (Do voob ) 1
g 2-00% 4. Let E be a finite-dimensional vector space over an algebraically closed

field k. Let A, B be k-endomorphisms of E. Assume AB = BA. Show that
A and B have a common eigenvector.

Leb X Beom agmenlos of B, ok N =Ber(A-AT) <E, .

\J is B - tavoniel s S v e\ = ABv = BAy = BAv = XBv = By €N

Takisg 0y exgesmcion A VUl we e Lue

\: 6. Let E be a finite-dimensional vector space over a field k. Assume S,T €
1005 Endg(E). Assume ST = T'S and both of them are diagonalizable. Show that there
exists a basis of E consisting of eigenvectors for both S and 7.

"3 A wS D)

s o crmud = A= D ke(h-21) = B ~ i by ‘S}-elLQm 42
» U fooch %>

(ov use rdwChon % S20l & above ) v,.\gtﬂ;b’*" g-ﬁ?\hs?a-"

Qael5 2. Let A, B be two commuting operators on a finite dimensional space
V over C such that A = B™ is the identity operator on V for some
positive integers n,m. Prove that V is a direct sum of 1-dimensional
invariant subspaces with respect to A and B simultaneously.

e &""""{— (\hA\a) «— C- repn 54&’_2/“! .. -'Qgc,m...,eac,., s 'ih-q.?s, o iht?sg el K:I 75(\"42—32_
Coan Ge “‘D.kl/\—- oA C}\—ng.v %a{nnh\a . dh-e.u\ ?M‘{.
Tk 4 dn, oy muui‘geé octswat by o saalar, Ansy enao.s-fnf gCV s ?n?@rG—mm‘-md $bsp (302 at Trved )



E‘&'\Qﬁo\- ?cwev, Temov A{yb\«\, tacen , tJ—d'evn-;md's

Fu [ED 5. Let A be a linear transformation of a finite dimensional vector space |/
over a field of characteristic # 2.

(1). Define the wedge product linear transformation A2A = A A A.
(2). Prove that

tr(n*A) = 2(t7"(A)2—tT(A2))-

LQL;,\— \/K‘ —a\{m\l \ﬁ-“‘ew casnewiesl wop .

S\“\Jw LI SUVFRVEE SAVIRVEREE B am-hw(\k;\mr
£\ —

- - S ULZ O.h-JsA
UaV —~ 2TAA ¢ Bitar T Mmg-k{’,w Laam M‘KU%\L l——-Au(nAv\)

Tobe o boaxs Aot “hr‘owshﬂ 2e A with Ae:= ke: ~(AAA) e:ney = Az dy(@iney),
S S TAAY = T Ak +HEAR - 278 = Lt Y

2006 5. Let V be a finite-dimensional vector space over a field k. Let T € . \
End, (V). Show that tr(T ® T') = (tr(T))?. Here tr(T) is the trace of T Slew o

C20164. Let V and W be two finite dimensional vector spaces over a field K.
Show that for any ¢ > 0,

/q\veaw 2iA q/\LW))
x--x\ xWx - ¥rW C—»NW\‘(“‘*(\l@\N\—” NK\JQWW

g ) \/_?:__j //’7/ "

& <
J V. — - VAW A AWq_ -
&‘I—'1 n\\]"\| = W%—\ A3 J(\ll\ n ‘

S| wndiilivtar | ond alternstng i~ \J 0dAQ Roohrs Seqorstdly , £ Hoswap fochro Haregl

§:
(\J n=- /\\/38(\/\]4\—— INWA / ] ~
Thaw F é—)({\\:\@((\u ~—’;: AVew) i Ameechive (Recomne elomeds 44@4-&-—‘[).& '\'\L Ve 'U,.

o sr (Aol = S(E - (7 o Gvos), o s

Sooll 4. Let F be a field, and V a finite-dimensional vector space over F', with
dimpV = n.

(a) Prove that if n > 2, the spaces A*(A*(V)) and A*(V) are not
isomorphic. 3~ | (1)

Siwnsion \ \ \ A WwD)ad)= 0, S0 s doto ik fuagpon Lham N23.
(b) Let k be a positive integer. Prove that when v € A" ( ) and
0+ 2z €V, vAz = 0 holds if and only if v = zAy for some y € A* (V).
\J= O oW e, & et s exaet
~ NV = ea(/\@@(rw‘ ESE R & =

N
eb\'i,a

f{"
z(/\u)e((x)ob/\w)_ yf,{“ W8 A o [w



Q9010 4. Let V be a n-dimensional vector space over a field k. Let T € End (V).
(a). Show that tr(T®@T & T) = (tr(T))3. Here tr(T) is the trace of T'.
(b). Find a similar formula for the determinant det(T @ T @ T).

(6] From U, FeBd@), /4 Yy — ey

@lx )
4 — 4
~
For oy \J ——: N} i 2 A o) —{—“U
W —W e = Thvew 221 | Rrar an el
::n 0 C;u‘)l)'l\llh‘,‘,
Ty« Ow -oltenarivg o
e o paves of E focs
i (Ve ("=
Co¥ S = S
W A &
1 Nuews (N oftw) = +
d;.l&m)! f\“MKT"QL l((\“w?wbe\hS?h l@*ﬂh(ws)n.

4 = KNews (et ~ £
S dt(tes) - N Qus)

New  dt(TeToT) = daT) " da (o) = Q)" (e 1))
- Qﬁ\__‘_)3h"

—_—



Powclmn ?vu(r(u,.s (‘0:*\'\1“* @Qal-"\'*-e"\'c'\

5. Let A and B be n x n matrices with complex coefficients. Assume that (A —I)" = 0 and
AFB = BAF for some natural number k. Prove that AB = BA (Hint: Prove that A can

be expressed as a function of A*).
A=T+N , N=0 v RF=Taki (DN E)a!
RE. x«mw[“)m - 8| !

Sa0l3

I—P &*P*\-O ‘4&”

3P e QLR 5o e, e ) - ) 7\: . TAl)

1 N N, Vo B - G| e

N = ] < = 3 < i ‘(

'(‘ ':? (\ M ! . ¢ N \k \ et
et wE W ’\ we = s :__\ N

N K AL\ )

[ fw\*‘utu&w - Cﬂa‘
A'—' -S-*N T a -Q‘W W\)iha"ﬁoh

N@BS‘W:\A\U ‘*‘(?L\“% cWo-—:) cp\\,\\,h o?ew-hw.s wR
day [\ 5 i} < r (g—»\\: o,

Ay_}\ Q- Vak bk\ . ( “\ (SRsjen

4 B ospen) , So NB=BA.
Ser ar

|
! \ \h\n&&m‘“&l‘
\ h\: k"‘ k"‘\‘f 9
T
Froll 2. Consider the special orthogonal group G = SO(3,R), namely, A » Kc:,:s m,-& 0 )
|
G={AeGLB,R): ATA=1,, det(A) =1} @ o
(a) Show that for any element A in G, there exists a real number «
with —1 < « < 3 such that
A — A’ +aA—-1;=0.
(b) For which real numbers a with —1 < a < 3 does there exist an
element A in G whose minimal polynomial is * —az*+ax—1? Explain
your answer.
3. Let A = (“s) be a real matrix such that a,b,c,d > 0. (1) Prove Goomticslly «

C
FV?D"" that A has two distinct real eigenvalues, A\ > . (2) Prove that A has p for -l
an eigenvector in the first quadrant and p has an eigenvector in the \ Jb‘f" exql etk
Sk Sote '

second quadrant. N ol cdetton

1. Prove that the integer orthogonal group O, (Z) is a finite group. ( By
S8l definition, an n xn square matrix X over Z is orthogonal if X X* = I,,.) Q""Y"'d ~ derele
=Lt



F $ 4. A differentiation of a ring R is a mapping D : R — R such that, for
200 all z,y € R,
Fage? () D(+y)= D) + Dy): and
(2) D(xy) = D(x)y + =D(y).
S 2003 If K is a field and R is a K-algebra, then its differentiation are supposed

to be over K, that is,

(3) D(z) =0 for any x € K.

Let D be a differentiation of the K-algebra M, (K) of n x n-matrices.
Prove that there exists a matrix A € M, (K) such that D(X) = AX — XA
for all X € M, (K).

R& oS%0c ‘913 ~ c,«,c\'-c \»b construction --’-*Ff?—' l?’—' ReR —R— 0 (-(iu reselviion "P Roca m‘k"k’“”‘“&“("\
£

¢ (3 ot X@Y —XY-YX
820 ) Yoyot v« xyer
* el xert

F2XSY

o Hochschald colanualogy PHRA)= W How, (", R))

\'“'\l (RY < (dertvation) / (laney decivation \
HA' (MA0) = B (k) = 0 e - drices b Mdk), v e
- Vot enhunlnce MK 22 )\ W, 0@ M, 0\ =% AsB—AB
) M)

+ HH only degends onle ategny of M, @ Mun ) —tk) BoA— BA
B atkl® >

Flou 6 1. Let SL, (k) be the special linear group over a field k, i.e, n x n matrices
with determinant 1. Let I be the identity matrix, and Ej; be the elementary
matrix that has 1 at (i, j)-entry and 0 elsewhere. Here 1 <i # j < n.
(1). Let Cy; be the centralizer of the matrix I 4+ E;;. Find explicit gener-
ators of Cj;.
(2). Find the intersection

N G

1<i#j<n

(3). Determine all the elements in the conjugacy class of I + E;;.

1. Let F be a field of characteristic not equal to 2. Let D be the non-

SlD[ 8 commutative algebra over F' generated by elements 4, j that satisfy the
relations
S200% S P Ry
(ot iT=j5°=1, 4j=-—ji.

Define k = ij.

(a) Verify that D is isomorphic to the algebra Ms(F') of 2 x 2 matrices
in such a way that

Lo (PO (Y 0 (0, (01
01 )" 0o -1 )7 10) 10 )

(b) Write ¢ = x + yi + zj + uk for x,y, z,u € F. Verify that the norm
Nig) =2~y - 2 a2

corresponds to the determinant under the isomorphism of part (a).

(¢) What does the involution ¢ — § = x —yi—zj —uk on D correspond
to on the matrix side?

—too much prereqiste

wore direct solsfon?



3. Let V' be a n-dimensional vector space over a field k, with a basis As '&* ke VU hBas an Al

{e1,...,€,}. Let A be the ring of all n x n diagonal matrices over k. V' is a
81006 A-module under the action: ks of A - ;\ir"[\' c Timowk
diag(A1, ..., An) - (a1e1 + -+ + anen) = (Arazer + -+ + Apainey). o Sobed of V are <eqlee) Br s

Tedy-am)

Find all A-submodules of V. n-b‘w‘eﬁl ciadt @) uTa

Sa004 1. Let I, be the field with p elements, here p is prime. Let SLy(F,) be GL;(F,)JK\ atcboto ) bimd (§): 0D
the group of 2x2 matrices over F, with determinant 1. #6105 = PO ‘
(1). Find the order of SLy(F,). Deduce that #SL:(F,\ *(bg,_x_.ﬁ) et o bt

A B e
1 & =X 77 (PP e =P-p ( o5 Lo plen k‘]

= {(O 1) o€ Fp) Sylow P‘“"z?w&rr et e
st\[12 "" )-v ”; o ¢eH Hodlach

is a Sylow-subgroup of SLx(F,). [“ A&:{:\)‘Eﬂ : - “? & m, oo b (5 5

e ovder = P01

(2). Determine the normalizer of H in SL,(F,) and find its order.
ave Pt StosTb3p?
@-0 - (eoton e21a

1. Let Fy be the finite field with 2 elements.

200 ) , g N o . . o =7.64 =168
N 4- {a) What is the order of GLy(Fy), the group of 3 x 3 invertible matrices over Fo? " j(t?yl-,[ch(ﬁ“ > 5124, Myx )
(h) Assuming the fact that G L3(FFy) is a simple group. find the number of elements Tl 2 Makt

. i - =9.(-ne 4
ol order 7 in GL3(Fy). Sz s flonder T elaands) = HG-)

4. For a field K, let SLy(K) be the special linear group over K, i.e. the ceder={z(} scfon vt M\?)L' 'L*)-("f)

S2002 group of 2 x 2— matrices over K with determinant 1, and let PSLy(K)  uuituely: !%ﬁut.*wk‘mc it m»«um
s b\hp

be the quotient of SLy(K) by its center, i.e. the projective special v wist be. G @genvect-
linear group. Find the order of PSL,(F7) where F; denotes the finite #Ps..(F; )~#§-ulﬁl/l -(7‘4)/; =168
field of 7 elements.
<2007 4. Find the invertible elements, the zero divisors and the nilpotent ele-
ments in the following rings:

(a) Z/p"Z , where n is a natural number, p is a prime one.

(b) the upper triangular matrices over a field. Q% s
@ & “ \-QX?\-& ed by O €Z 5 ”'\Vefhuﬂ- 7'4 QA(Q \ﬂ =1 (‘?‘3 S welideace
> € Z/P “ 5&;{ & k - b"‘-tm\/\“' (ﬁ,\?ax‘h‘c.b.ﬂak o Rewo diser )
LQ;‘\)\S'.<S5V\ T{; ‘qu ) -?oc)(, 6. =90 .

/4

) A=DeN D diugal, Nesbachy oppertrongdr

A e = = -_N"“=O -
l\ V\.\\?ﬁ’&e‘\‘ e D=o g})} 1{? . o (_I-N’k&O‘MM DJ%AE —c Qﬁ*a.

A: twerkle &= def A=Qu - Ruit 0 { (D)) ebitoss
@&\ Kealf) s vgper trioqulor baeause

A \-o-rb\ds ‘o Omn M‘l‘umrh\%n M( H\LS‘MLSF\CLA
= Keye, -~ ey  (lsksn), Sodoes A

Aszero bvsor = Qe - Q=0 (=) oww.cq T+ T ncedible
L%) A -?,.o.s & M“'V\\I}a& val -\GJ‘U{, 7 ol b--'

N A.Koa =0. ovs aboud +ua-smol>

2 dxsers %

ACCL
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CommunToive,
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. (@ Qa:e{' (}A?o‘vi\' e H“""\\\
K\O ‘J\‘-A-\Mﬂ}\: BZA'G\H MM‘_S 1VN‘B'NA , HOWB&MQ&B ,N)%
(i) B,Q = A-aly ~ Coproduct o A-algbas A —sB
Cor ?"“;\'@“’f & 0 D

\—\ob«A[M-N)
] | 1w tba esterory of Coun. P
g cha_\\ﬁ [ \'\ow&:’&e,'B\KHou.A[JALC, 9) )
—D = Howp, (88 H)
sovvan ol colimits (direet Swus2 SR SN o B \FTﬁH QTAC;}Z,:
Q@ oy .—) presevwes ol ot (drvect W“““ de) N, — N2l

e | we
@ HOWQ‘ lL} Yorve C,e\?\.,:v{s o \\“’“\\_\‘S
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Saora 2. (a) Prove that if M is an abelian group and n is a positive integer, the
tensor product M ®z Z/nZ can be naturally identified with M /nM.

(b) Compute the tensor product over Z of Z/nZ with each of Z/mZ, Q
and Q/Z. Also compute the tensor products Q ®z Q, Q ®z (Q/Z), and
(Q/Z) @z (Q/Z).

(c) Let ZN denote the (abelian) group of sequences (a;)ey in Z under
termwise addition, and Z®™ the subgroup of sequences for which a; = 0

for all but finitely many 7. Define QY and QM analogously. Compare
ZM ®7Q to QM and ZN ®7 Q to Q.

&y 2 2>2 — % z—>0

M—h—oM-—;MQXZ—ﬁO

(c\i?“: @Z , Q"“’:%Z

~)
M
vm Souts @ Covemetes AL

(5) %l _v.b%\l — %Z %Z®?/V\Z'g ?fdz _\,e\_,,,w‘“&g::j”"‘) )

)l ew

Te. = "‘Z/Mz = 3%7_ A:chvnw) G)® — (o)
Qo —0 @69%1:0 af2V2a — agl =
Uy —»@p— 0  Yze%a - (ador &)
L ¥s o eci,-tv.l_ (@ * Plot
"
Q®Q ~ @ becw.e ‘\&Lﬁoh ef,E'Z\ﬂwQ oot wf\'S'vv\ec (WA
iR PETTR K'\|1\3.%|——'—)¢L~"c
2—@ Q/Z — 0 la@ ~ (D/@_@ @ -°o Universal property of Secalipgtion © M;‘—:‘:’k&j*‘:‘”
@/l © %, o — Q4 — O & ~ M—aS‘M\ami’r Saludyotsatl
® e
e —c —> @ R =0 o- dicedly: (D.ED.—J:Q S eusudutedudk
2 — 0 -—a@/zg% 50 Q/Z z l‘bd’f / (lod)ow =Y.
Fiooé 4. Let R be a commutative ring. Let M be an R-module. QK?\TC\'“Y _91 s T \‘\A g

(1). Write down the definition of 7 (M), the tensor algebra of M.

(2). Assume R =Z and M = Q/Z. Compute 7 (M).

(3). If M is a vector space over a field R, show that 7 (M) contains no
zero divisors. -

© i = DT T=Me--oH P NCREE

n
Vg b V) @ T Q\% T e T —5 D 1wy~ Tm)

owd l@ _0@—- _@“Xe

apl
\s‘\.

9

(O Qfpoe@h =0 5 TA)=0 ¥nzi-
z

S, T\ = Z Wz .
) Tle Q= ZQ\ bib e TM) , vheae Qs b; € T:(1), @, Bt 0.

- M) @ T () £ Touan (1)
Giwee b= Z S o @5 ‘r\-SV’:@‘D‘e‘\bT—D\)g T« T.M 2T re e

=0 =k e Luau‘s L"\ Q!} O\:«v’eg’\"é o \003\5 4\) \ lg— ™

[
Y R W GV Sewdks (Udea %, U @00, )i \o@ -~ Vg,
\‘é' s 2 ‘_ ‘['_(M'\F’[L(M\ 4o o.rav{'ﬂ‘#;-w.‘abcfi



Sa009 5. Consider the Z-modules M; = Z/2'Z for all positive integers i. Let
M =TI, M;. Let S =7 — {0}.
(a). Show that
Q®zM=S1M.

Here S~'M is the localization of M.
(b). Show that

Qez [[M: # [[(Qz M),
i=1

i=1

&) Twe L Onm ™. LQ.‘S, \:u) W U»RVQ.MA‘('\-) + Q_MJ\@ SCA acts W\IQYF(\)\? au\t"\)
(&) @%M,;:o Yy oo RHS=o0 .

We (e Oowap Z 22 Ddced kj e c\ou{-w«* 0P 2 — Pfip = - .
Soe L 38 Wyethive od @ s flat, QxQez — QM T “"3“'“‘“’“ S SeLHS 40

89_0[3 1. Prove that, as a Z-module, Q is flat but not projective.

@ K] ‘Q[.a.“’ Sbeamse -®Q & Qmap;\khaba’_&_{_g\ﬂe{l_ﬂ enach. |
‘\\‘ C_ow."" be_ o~ ?u&)bneaw-kl o‘-@ o "Qu. 'Z_—-r,.,.,eAMLL B

Tr s wt ?“fjldme ;B el 1)y = X, whareao@ s dusi

Vo) eZ \ieh, £ Tat 0 e e 15 o <lmed 9ezZ¥ 4. (
Fg_wg 5. For each n € Z, define the ring homomorphism
Gn 2 Zlz] — Z by ¢n(f) = f(n).
This gives a Z[z]-module structure on Z, i.e,
foa=f(n)-aforall f€Zz] and a € Z.

Now given two integers m, n € Z, compute the tensor product Z ®zj,) Z
where the left-hand copy of Z uses the module structure from ¢, and the
right-hand copy of Z uses the module structure from ¢,,. (Note: The answer

'E/dgpen\dsondthe numbers n and m.)
eVer n
2[\&-\ ==z ‘& CJ\N\V‘\":ks T-Q) N =wm Tn A ) t.e. A‘ ¥ Qa %-hfz - &[?{bﬂ.

ThareRa 2/g vz 15 Vniversnl awod Sucl A so by 40 rverselitg
S ZR2 X Hp) 2 .

F3~°|4- 2. Let R = Q[X], I and J the principal ideals generated by X2 — 1
and X3 — 1 respectively. Let M = R/I and N = R/J. Express in
simplest terms [the isomorphism type of] the R-modules M ®@p N and
Hompg(M, N). Explain.

(&)
\,\]a, W o QXAC“' seq Llinle R _— R M—->O

S %9(0 o-d H.(..F(-,N) Preserves s 2xachuns, we bove

N 2. N —rMeN—© %'1 ceT l?—*_a ocx}é—\.)e%ikﬂ-l) an QUK ) ~wad|
™ A (© & tow ) _
- W_,‘?—-MFH e N2 o %. oy - Xmreled,
Q—aM(M.N\ H“?'.r ;‘3 1) e -\ odxte X*| C‘F*""'\
N

So pr. M N) & ke 0 o ber (@[x}((,mg—; WYy ) 2QLF ery
whhone @ 5t wnbitpbeatton by (1), MeN + Gke eCAh( —n — > :OBVQH)



5. Consider the ideal I = (2,z) in R = Z[z]. ) ¥ e X)) vmaxiveald
00 > . — — . .
Fl 4_ (a) Construct a non-trivial R-module homomorphism I ®r I — R/I, and use that G2 " DB fuld & W RHme

to show that 2® z — 2 ® 2 is a non-zero element in I ®p I. 2. Let m be an integer > 2 and Z[X] be the polynomial ring over Z. Find
(b) Determine the annihilator of 2® z — z ® 2. 2972 4 condition on m so that the ideal (m, X) in the ring is maximal.
— < el Mxth o—c& ‘l/']_"'-:EEL
©) Stme T 33 He wb’% 2&'1\ S’:‘L ; T wost
s 0

Le
?b we ll\-U-oﬂl '{'B CF\A-Q"IV&AC\ ;Q MV\-'\'V\\/\\AX (Advsyu.u\h,) R-Hhu‘y m? 1*'1 — EL )
Deton < (KO\Q-\- oK+ == “Qu’ﬁhl(\)&*‘)fl* —~=<o.x") ) = %_9. . h\ ot 2
() (4

3z 22 N=0 Yimgrx)eT, se
. v N, Q"‘\ =@ (-S(TJ "TJS(',J v '
Te w6 cburousty 2 -Giliwar, od Shaee ‘{’(T—‘g@’- ) Rty

s Z20x) - hlwar Xads on € bq O

Now e.z’tbwclmna s

(1 -xe2\=1-0=1.

) Coa 9(vex) =282 =rCer)=2x02 = 2(xe 2) \S ~Tel
w(2ex) = (QWex = Lrex) = Redkx=1lxe2)

4o el LF,_ ,\We see 4Cat
So Y®L-M®L %o T"\—L%(I-

e See #at T=-Q.x) CAW\R(S_QX—’KQZ) <R

Crer T s o wortmal deol . (tb"((“\
P, Qo x -2 @)= T .

g g“ \8 5. Let n be a positive integer and A an abelian group. Prove that
0

Ext!(Z/nZ, A) = A/nA.
6 7 S22 —2[y — o MHWE}M e HEA o e e A)

1
- - « Bdlza) = Bd (Z2A)
WL fe ¥§

o YA
F 9003 (3) (3 points) Working over the integers, calculate (and sl&)w your work in a readable

fashion) Tor(Z/(p), Z/ (p))- . LZ __,—zﬁ-aogé?" M-;@;ﬂ_, %_‘_‘ %_.?%e’i/f N

| =0
(4) (3 points) Working over the integers, calculate (and g'ho?v your work in a readable 2

fashion) Ext(Z/(p), Z/(p))- 0 — Wl 75) — W, »%,'&1—%\-(-474%)
® %
2% < Br(%. %) i e%)°

Capl} 2. Let R be a commutative ring. An R-module M is said to be finitely
presented if there exists a right-exact sequence

kD)

R" — R'"— M —0 e

for some non-negative integers m,n. Prove that any finitely generated
projective R-module P is finitely presented.

P"-Qnm-g,u-.. & I 3S- R"‘.__»P

T R‘A = Pé Kag becose P‘.mﬂ.&\'tw . So
R“\g—a R\“——{_—" P =2 ) oxact @
'\)\’_‘_ \<¢v§/



1 : \rs 3. Let R be a commutative ring with unity. Given an R-module A and an ideal I C R, there is a
\ natural R-module homomorphism A ®r I — A ®g R ~ A induced by the inclusion I C R. In
the following three steps you shall prove the flatness criterion: A is flat if and only if for every
Te Uty sd [ﬁm'tely generated ideal I C R the natural map A ®@p I — A®pg R is injective.
= A - direct [
Tals,

wif
= AaT-UAST, (a) .Pr'ove' that if A is flat and I C R is a finitely generated ideal then A @p I — A ®p R is
4 0% AoTa l injective. A® = presevve DnBLtoLS
% > AeR (b) f A®rI — A®pg R is injective for every finitely generated ideal I, prove that A®@g I —
~ by AST— &R MA®p R is injective for every ideal I. Show that if K is any submodule of a free module F’
ar— 0> _ then the natural map A®r K — A®p F ~ A induced by the inclusion K C F' is injective

Q= e S, . 5
o ¥ A°IqA°th)Hmt: the general case reduces to the case when F' has finite rank).

(¢) Let ¢: L — M be an injective homomorphism of R-modules. Prove that the induced map
1®@¢Y:A®r L - A®pg M is injective (Hint: Write M as a quotient f: F — M of a
free module F, giving a short exact sequence 0 - K — F — M — 0 and consider the
commutative diagram clack: 0 —=E—=T—L— 0 exect

M K Aa:] AQL 0 olter Po- wachilbave rrylt ?w{-“
oz | WA
0 AOK I:Ay 2 A'Y\/[ 0, iexact ‘;m,‘:'-w
where J = f~((L)).) \0\1 VV\Q‘D £roe (gsmon

4. (a) Let R be a P.I.D. Prove that a finitely generated R-module M is flat if and only if M is
torsion-free (hence, free by the structure theorem).

(b) Give an example of an integral domain R and a torsion-free R-module M such that M is
not free.

(0) Llog = orsimifar 1 olunys bree
Q@R wow - Zexm o &= QLR R m:\zc\‘?w.
= R 3 » dh\\;.(, teQ | HT; "f‘orS(\v»‘-r\.u
M%R M\f T D \

\S
By oo Choochet Hors Ao B T o SRt g

L s R,

(5) 1. Qs een = ?chch\&'ﬁ?m-\—ﬂ*or fre

U Yes 1 e
N
R"l, M= @, No ° ( (

PLD buk wot Lan.qen. I (
Rebbud,ineley)  Ne | Neo [ Ne (s

T ~
et PID W .(',\,..y,v\. mem ’_,“;‘RCD‘T\ =P m T +eu. \p\.\,l.'h‘igk‘(:hﬂ‘?e\—\

vt euenDedeknd @
wop MOM —= " < Q.

/I‘
mo M -_)i[xﬁ]/(x_\l) 15 o wedhnial R-low, so

E:g — %&-% xey -yex %0
bk plx®Y_yox)axy-Yx=0, So prwt Twective
\—’ )'{ 7 ! ! Qd mTSv\{:\'m-FM Rtk




Faoo0 6. Let R be the ring Q[X]/ (X7 — 1), where (X7 —1) is the ideal generated
by X7 — 1 in Q[X]. Give an example of a finitely generated projective R-module
which is not R—free. (We remind you that an R-module is called projective if it is
a direct summand of a free R—module.)

@[Xl/(xl 1) e Q}Q/Q( ) @ qu/\é*\(*--*\) oo Rewedidin i 5o
@[V@ ~) TS pjechive - But 6 T wet frae. becavse drey o (z&)
(ON w AAW@ @Ck%k_ ﬂ"



BQ/A‘\ ¢ Commutotive G-Q%aj)re.

(1) Let A be a commutative ring, and define the nilradical v/0 to be the set of
Sas(} nilpotent elements in A. Show that /0 is equal to the intersection of all
prime ideals in A. Show that if A is reduced, then A can be embedded into

a product of fields.

. (\P _ &—b~ (O obytaus
= ST, 8 e A s 3y
AA‘QA& Smex RCE) 35 truertible

1€ m, o ¢ ') LPrime dsaf
e prestiens A e vhe A io;ﬂ'/\ﬁa e Ko = (7 —-JEEQ

:Yh\-&

So B edts G eutraddiny Al
A <TG c_,T;TFN(NP\ .

Foo04 2. Let M be the set of all nilpotent elements in a ring R. Assume first that R is

" LY (i
commutative. - ey 0 > (Yoo

v -3 e
(a) Show that M is an ideal in R, and R/ contains no non-zero nilpotent elements. ™ e:-’m ...: - :ﬂah -
(b) Show that 91 is the intersection of all the prime ideals of R. x = F=o

¢) Give an example with R non-commutative where 91 is not an ideal in R. <
o : ~tiR. 81 2)=( )

C20(@ 4. Proof that a finite dimensional associative algebra over a field is a
S0k division algebra if and only if it has no zero divisors.

@&L SOt ?w{\ém "Lt "Q‘l/aﬁd.\ hd aS’«.u =t J.m..”)
A/‘L OMoc.A-Qg, &wa<0° . ’(WLL QeA\‘("H,%{l;&,O}, - Vs M’(‘

«/?’:-\I\LDV\LB F‘,..:L,f WEQ e—ﬁ-, Z C. a:\:'o We may QAN NN b
TJ“M CO:@OJ \>€.M rﬁ Co:() .Lics(f“\).&:o] O«M[J l?:] Mamr'l'}oh ;C;a;‘—l,wLZo@\
es He wimmality f N, e
— T 0) w Hetidd mse £ 0. g

S2009 2. Consider Z[w] = {a+ bw|a, b € Z} where w is a non-trivial cube root
of 1. Show that Z[w] is an Euclidean domain.

Z[&A AV R e 0-%} 5 well- odsed Qﬂ\;h\.q Vo 5 T o bowds) d=k)

ok Qész\\omﬁ’:&ié‘zm p(:%?**h l\'\%\@\ = 3 c 2Wy), \%—%1 <1

we 2w). Wip<) ‘
Tl 76 44w bacause ’ﬁ’" Oy 2e C, e divhnce 4o Hoger 2I3) is < /\\‘;




F.’Looé 3. Let A be a principal integral domain and K be its field of fractions.
Assume that R is a ring such that A C R C K. Show that R is also a
principal integral domain.

R s o Duoinc A ¢ 3t SefacAlacR e S bt
Qo BrNSMQQ”AF*R

+ fn eefie ST both s sdoipe 7 8 KUSO.J\ AUFD. for ANPIP, E
. -F % cl,.\—'s‘e.cﬁm becon-se ‘&-)\L = :“; eR, P‘% el c:"\?r'\""*« Tlasts aellutu,ku.\:(-’:: L?;_i(‘pg(\)
LK ewavaL 46 ghard ?eg,r.e. +eR . Tlas “*Pw(hcw'&l AN

3o beh ?&'Q%b =1, Se = O&b‘F eR
A—s"A.

& pre-- \"E'LA-‘P

ow We pw! aed o Shas S-‘A (2R) Ts @ Pib. o
NN JmuJ‘e_:. L(?i,. %”.N,,Q) Oty “deol o SA TS 3z»uoﬂweol by Lb;__gg)\ {2,
Cintr L TS oun Wncluston o4 o %Wmm 100 an o A-sd zl\z\a =(0) Boch i Oowr o

So O %e/\.m-i-m L o aw SHA‘WDA"‘L‘-

Faool 2. Let S denote the ring Z[X]/X2Z[X], where X is a variable.
(a) Show that S is a free Z-module and find a Z-basis for S. 1, X
(b) Which elements of S are units (i.e. invertible with respect to multiplication) ?
(c) List all the ideals of S.

(d) Find all the nontrivial ring morphisms defined on S and taking values in the
ring of Gaussian integers Z[z].

) virg s preservas vl 2, Z0e) —Z e Yo 4 &ztx%éﬂ" s o Zobs
Cowversely T [+0X 15 Tuverhble; X ——
(fleaXdel-aX ) = 4wt X
) rdsals v’-{- § el ot 2x) Mm’“\"g 0 | Covsiden e L-sdied Z o0 =) owd Tz AO=(wx) _
Sro w\Za®) CTraRy WP Covantdy a2 w40 T O did v oy i

W) o= 2y = 21T fod= fe)=0 od 2 wedood ~f0=0

So wL 9«&)& VMW % ZY,\C’S/Q&\-—'HZ C-——\‘ZE;.\ .

tefure /o
4 N ¥ =Y
6. Let R be the ring Z[X,Y]/(YX?~Y), where X and Y are two alge- =%
S 200 | braically independent variables, and (YX2 - Y) is the ideal generated by Y X2 Y
inZ|X,Y]. >

(a) Show that the ideal I generated by Y —4 in R is not prime.

(b) Provide the complete list of prime ideals in R containing the ideal I described
in question (a).
(¢) Which of the ideals found in (b) are maximal ?

(0‘\ R/-& (a2 _Z[X‘\ﬂ/(‘f‘&‘"—\ﬂ ,\t_q_) = TZ[_X:\(]/(C\_X;_C[_ ,\[—Q—)i’ ZE\Q]/“Q(—\)Q&*\)

— &
) privee Tl of 2007 (61, (f2) £ § 2ved *

CIMCY \Qm_

T_. WO\



A/a-éa yamfs W V\.l‘gv\-ﬂmn A"‘V—-’d Lo O TM s, uc\,\r_;\)qul
[4

@A coMl=M™M (=Metn=o) = M=o
@ Nem, M= o=\ = =N
Wik (A ) Qocal, %= Alm ""‘”Wm\/\ MQ’EL f-vect <P, L. QL...\D

@ M __>\V\/\’I’\MN£

.x\—\_J%Q

(oﬂa{‘{ o Hir u@/u): @A, CM/N)

= A,y N Geeens M.

F% \—Jr (3) In this problem all rings are commutative.
(a) Let R be a local ring with maximal ideal m, let N and M be finitely
generated R-modules, and let f: N — M be an R-linear map. Show
that f is surjective if and only if the induced map N/mN — M/mM
is.
(b) Recall that a module M over a ring R is projective if the functor
Hompg (M, —) is exact. Show that if R is local and M is finitely gener-
ated projective, then M is free.

@ N i’M—>L—> o = N®<«—>Ms"&~a\%ﬁ—’o
Lo
'Y‘ Sll.l’] &> L=0o C‘=> L@'&"O & 3-5:{'& N/mN ’_"M/T\'IM s""’]
Nhlﬂ/nwa

(B ok pSwimall aanber c‘? STONS S PSS A c’-? A
Tam Bt s, o S P grjectue

Q — X ’__DM,_;O
e Lome oo Split @xoct Sequents Q'—‘f\Lf—"R\u | )/Gb“g} Rfn
O /() NK:-\N — ’%— — MAnM"’ 0 E’El."ekmC""

f7/ W

\.,x*'\/rwr\\“’\--‘/‘\D ®/’_%“ Q)



FlOlO 4. Let A be a commutative Noetherian local ring with max-
imal ideal m. Assume m" = m™*! for some n > 0. Show that A
is Artlman

Naq&\\c’#\(\ aT\:\ Mx&tﬂ <o P\ x Blpe  Nete A 7 awtiwioun fF 4B Qmaﬂncr{- Aao &VA.F.—M.:_B
) = : N
Cawsidan A/m“ > “"/“ TN ¢ gAY o

a“h‘L\AH(A b.’ = £= A - vect. sp
Mo H Mu -\ Hh

IA—(

Son gyt 3. B, = T <, s e

Aokl = - P ideal = o [ ~\'T\i§'¢z :-ﬁ\.-l«\..vm&-s? . @

FJ«OD‘T 5. Let A, B be two Noetherian local rings with maxima ideals m 4, mpg, NQ{.‘“&LF\M =5 h‘ACP‘ ‘“\sc%
respectively. Let f : A — B be a ring homomorphism such that f~!(mp) = fom goen
my. Assume that:
1. A/ma — B/mp is an isomorphism. <— lekx %% Ainy = Blng
2. m4 — mp/m% is surjective.
3. B is a finitely generated A-module (via f).

Show that f is surjective.

is Goemted by 4 eB on o Arimelile. & BO4:¥np ™0 Tdn lechr spoce. /K.

’Etiwjechve - B
> M8 cdthg ™ cun Bomm A8 - e le

a L—’T__’P’%‘AH{ Tt sulfices o slow whg =0 ,avbyNaka{am [ekg)e k=0
L ‘ BBl egBin)  qewd fekes e
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ﬁ b ! limet-g) ™ROR Bing "ol i sugpefie by esteghe2.
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Fools
6. Let K be a finite algebraic extension of Q.

(a) Give the definition of an integral element of K.
(b) Show that the set of integral elements in K form a sub-ring of K.

(c) Determine the ring of inte%ers in each of ;c)he following two fields No
credit for memorized answers: )Q(\/ﬁ), and Q(V2).

() X e K degel &I LN worie, F3=0

() Tek TM'%%W& % ZIx) - Rt Z- u.Q%;bm % EA‘--ﬁw‘\t‘Z—aQ% sd.xefcK
@ ~ * N :t A“ ':Q—_)‘I:C-*
= 3 LHER ZE) ~mod e M whichs (n.gpm. Q0 Q P eqrafl

0. eosy DTk A=Z0xy @ Toke M= A . M
®The i‘ﬁoho‘glem k’i 3:11:(:-14/3 fM—™. The, 3P(x) GZ[T-I wev\kgsl'\"\rp('{)]—o; (2. Pe) ‘6‘50
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Tohe o fnyecton A T

an O fren We Coun ﬂ,-(‘..‘. £nT
v Sy A
9e c 2 | )
W ek Sateged A ELA gl Cay~Havdlbien 4o see B
= 2% Q= 7 lx][ﬂ : .@,\_J“ ‘Z—aﬂgbm. | D0 e e et
< s ckegrod By Ha Havd A S we eOm : e e
2 A A gy i

- X Bawd el of &,
O T C=hueh, Lk fio ot
%\‘IIGLY_‘X GB &> wntal ‘)‘b(g\nnu—.TO—Q 04 1/|<'K°"< ol - A]
() Oh= T+ YJF s @-x)=By & o= 2xor +f-B147)=0.
Xy So o Wiyl ) € Wee?, - BY €Z D=3 u=T  wwez

~ ~+
https://math.stackexchange.com/questions/99913/easy-way-

~
(9.\ —HM- awswer S Z-[Eh—'] ‘ bv* \d— s M{ QM‘} = to-show-that-mathbbz-sqrt32-is-the-ring-of-integers-of-mat

Fj.oﬁ 2. Consider Q[v/5] = {a + bv/5|a,b € Q}. Determine the integral clo-

i s
sure of Z in Q[v/5]. ~~ 2[-—"“5} , Sowa QA ofrove .
Sa2o(2 5. (a) Give the definition of a Dedekind domain.  4_{,«( woothentan + hormol] domoain
(b) Give an example of a Dedekind domain that is not a principal ideal [ ™ o =14 we hewt
domain. Verify from the definition that it is a Dedekind domain, and also | (a. &)= (2 ,+§5) (2, 1-51=(a)
that it isn’t a principal ideal domain. SO 0% AR PR & (P
‘Z.U:ﬂ s 'H’\L bv\*"’-%'-oi SoSure "{L Z - @(FE) So if's horeal W AN

Deallhd‘—{- Nottaca,.. becartz 2TED 2‘:“3/({145) , 20X nettlava. by Hilbet boats ¥ )

+ Sons Oy Togral exforsion prereree e Krl du-(a-d 2 =1), 42511,
Nt o PID & 0= (2, 4&) I8 B=(0) £ soe aeZlEY. R 3b.c €2IR) s4. =0b W)=ac
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Q20085 5. Let A be an integral domain and let K be its field of fractions. Let
A’ be the integral closure of A in K. Let P C A be a prime ideal and let
S = A - P. (Note that Ap = S7*A is contained in K.) Show that Ap is

integrally closed in K if and only if (A'/A) ®4 Ap = 0.
b——él\-'-—'A/__nA{ﬂ‘\‘_’o)'@A ,
_— A'-—-‘Ar‘ - (Wapely — © ecoact, So (A’/A)? Ae=° e='>A\==(A)F;
Thareloe Wsuffies o prove Lot £ Ba Tuctegrol olosure of A B
Tk e K, xeN.s6P. Te-3aan €A st X%QX*-- <0 =0

- .
divtdag by ST, W= et %\V\* %}(\j{\ T *{%%) =0, wlhadais A?—c-rqq“ MmOt
<o A/P s Cadaiiad i de'ﬁl—nﬂ closire .@ A‘,_

* Conversaly , Foke Ay D&eamsl clewsdt ek over Ay

. ah O w=\ “
Thais weans ot E%J_LJEGA? S.*-'I“*‘g‘:‘ﬁ "'“"‘%—“2 o

W\Al:\i?\‘j\\'\é \q(g‘_ - “\"\ we %_uj— (gr" S'vfl)“—@ Q/‘ (g‘__g“.ﬂ"'_“ ~._<-O‘,’. <=0, we lhowee
S-St € A ) od TeArp. 2]

F20(3 2. Let a be an integral algebraic number such that its norm is 1 for any imbedding into C, the
field of complex numbers. Prove that a is a root of unity.

Gonstden e wivinnal EOL%U-OO»:.A,Q foar €2y of o .
St oll eubaddog f o o T ¢ of onn 4, (.e M 2y — € Sk

over € 1f decsi-peies an e Ut crecle

Loa =1'LTQ<~u;\ a\*&s*-)
£ i\ = a
) G%.y?,.‘,-gm %S{X—?.ﬂ ; \?:\"—‘-,'\'QJ- O;Eolw\e,\n.lmeo’_( He Cpéttdﬂ#l'c‘{- XLQ

b\wi) \eo\-.(\,.ou:\ K "
& Hare exxsts ovly Bl vty Sudhe polqmanmtaln

Bk By Q)

- & b ot \0('-"\"-\ ,We Sez -Q =-§\_‘\= Ak.m
Now Ou\»Q‘xAm\'a_ —c_&x\ =;(:\:(k”d; ) . whadk -3 S ‘lf_sg‘u S N v \eﬂ-e‘wﬁ&» )
. ) o £ B
So oot} A eGayy . ok bemee A 7= o= ) A
i o , S ¥, TSL\.\-QS*‘JKF
Oty
B

4. Let A\j,..., A\, be roots of unity, with n > 2. Assume that %ZLI A; is integral

over Z. Show that either " Ay =0o0r My =X =+ = A,.

Te Vwo‘{ -@._-\—L, obou “Ewlb\?«w works e (0:\=( 3¢ \—ey\ouw\ \u‘) AR up o hee
we insted ot et op ofiret o4 \Eh“;“a .
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N 1 = -~ =A\ C Uns
4&""’(""“3 Lo o driogle 1ven, 50 A :

Faood



Rieq fhaorq roudem problows

Capl0 2. Let R be a ring such that r3 = r for all r € R. Show that R is
commutative. (Hint: First show that 2 is central for all r € R.)

Yol odhmo = Lo= fafala=0. e
L} 3 Q& ey (-v)=
<rt= Sr-r=8ky -« 3", Se 12 2
For oy $ €R e Lo ~> () SEP= 0 ~o ST =TS
2 L T8 Cw»—"“\‘WQ -
r...‘.lot-k’) we ot Psrt=rts, So SF =t°s, &, U7
Now (s i) = t 204 r® < ar 2602 2Artar) 2 \
So (Par) = (Per) = 2Ae™+ s codel . od rlten)-r s cadvall oo well.
L’C‘p«h’\"’l’-
Sa006 2. Let R be a ring with identity 1. Let z, y € R such that zy = 1.
(1). Assume R has no zero-divisor. Show that yz = 1. x#x-1)=0= Yx="1 (e 0=1)

(2). Assume R is finite. Show that yz = 1. R%R%R Ratboth bij  2xx-0=0,
Ty ~ 37 sy 2%



T%OV 'PVOQL_\C(S avev Relda keueu{tbwa 75 Lroe =2 (e £litneno \wv\im.ﬂ

Saol®

(3) Let K/k be a finite separable field extension, and let L/k be any field
extension. Show that K ® L is a product of fields.

L_“Js SteR T Unnacn SO0y b)) Lot Sepaable axt = Stegle, V. k=tln = ‘&[ﬂ/(ac(x))

S KeL=Hi, gL = W)

Stwnlor M tnd & L/ Sepovable & Lek

F1eQ

Jack N
Wi ?-l-, V} ol .
£00 = £00 R0 - - FulK) 21eved Fachrs B L
'F‘ 9‘?“""""[’“ = "5‘: (\L‘a’l‘?\ﬂ-(n ‘wh,...n.

L Gl & L;‘;L =

3. Let F, L be extensions of a field K. Suppose that F//K is finite. Show
that there exists an extension £/K such that there are monomorphisms
of F into F and of L into E which are identical on K.

£ G»\Q\LA-L&Y%F% (. Tlos ® wewiews becawnt oo - taodiles

F«/ \L F%L‘-‘:KiLQL.
g_\\”\\é/ Se 3 CF%L ¢ VNN ma “denl . \
oo e \Q\Lwh-;} e‘:a.am._ Covmpnded ond f 9 ore 'ik:)zC“-\u-L
t — F (L)QCQMQQ' v‘h’\% Low~
\(; Flel. 3 betuwer— Lelda )
— e
FW\ 4. Let F and F be finite field extensions of a field k such that ENF =k,
and that F and F' are both contained in a larger field L. Assume that F is
Galois over k. Show that £ ®, F = EF.
T Sre EF 15 by defotbion e lunge of E9F L,
A/E%T's T4 g\;@M +o prove +Rok E%F s a-g-:.e[ol.
E< F oG BB Golews, BoteE st Bl = 400)
T T e L

Se. E %\: = F[K]/(—p(\(\)_ We vk prove Har § s ;we:b:é[tj

T £ 30800 qi) A0 €F) w‘_c, by= ”
o St £ cmctai o) s vosts 7K £ :;\_K%ix;:e o Dowa
g, %0 €El), s 3&\,«&00 cEDX) nfXY = ,

T\N‘& cmdradiefs 4o s Lacx Ao ‘GT& trred . £x) . @



%'2,00 5. Let k be a field of characteristic zero. Assume that F and F are
algebraic extensions of k and both contained in a larger field L. Show that
the k-algebra E ®k F has no nonzero nilpotent elements. /'-\

E
&= iQ ® 5~ 3E<E sl xeFof ‘%r | ,
apef P
Er/.{z . .Qa,\,:b_ {e,? oo ext A fadte
s .Eff- _C-DQ / C g(n\ .cm\ Qe?&ra&(l Y \‘QW‘M‘
~ Eof « FOY/ L) ¢ TY T 0y ¢ et A Felds (> red-ced)
L8 “‘v— copeive Trrad facters
vnv-\b-

S2004 5. Show that there is a C-algebra isomorphism between C &g C and C x C.
Q %C R\Q]/ <) @ C = C‘[X%Y\l*\\ = ﬁﬂ/{bﬁw—@% CcxC
cet

A0S 5. Let C and R be complex and real number fields. Let C(z) and C(y) be
function fields of one variable. Consider C(z) ®r C(y) and C(z) ®¢ C(y).
(1). Determine if they are integral domains.
(2). Determine if they are fields.

Cx € «~ Coq < c(x\%@m) So bers (YQY ove N

C(x\ac(a) — c(r 3)  Tedive C-y Lo

-F'O( ﬂ LY) X :,3:){“.'
Seomaa) — S oF 2% Qc\) G G >

P2lynomials
sduied " _
So CH@®El) Aunbe dord T 24.@\&5@
e bty of €ey) O ® Iy 45 0- o
Ko Slonsct ot G b | Voo QXY €ty B
94}&%\ o B T2 Y Cg b
b - sartly) i-(’(x)bj ) —> 0 ¥ hoa =

~ W15 o Vst deovn b‘*""{"'ﬁ‘l"k
(28, \=Xy £an wo thesa D

F3,003 4. Verify the isomorphism of algebras over a field K:
M, (K) @ g My, (K) ~ M, (K).
[Note: M, (K) denotes the algebra of n x n matrices over K.]
o= ™ t (2% i K—
MA@ § = M) i oot o ML) =PI 2111

\M\&-i-‘\?hmhou\ "c woshtees
Con Y w?w+eA Li? Hocks



1\-re§'—c‘\¥>‘\\'§‘\x3 e‘& PO\@M@Q»
£ eZT}) wie
Go.Mssl g\q,w“_q . -E‘. IH‘QA /Q = "F“\“’\"QD\/Z (or neore M\,\ /P\‘-UFD odh

K =Rac(R)
em] “ “w-1 \&P
Eewsteim Criteton b F00)= X+AX € -2 O X+ Ry, _
PeR pimt  ewic €p prook - RIx) — ‘Z/“ffﬁf; o
‘\N‘OC{ \educton . do ¢ th] e trreducble e 'F&X\ — }Sr
v g ) A Q-QT eZLT) s irved. U400 —> x= ¢ > Coushot "fm
?Ma i) —» FJ_X] _ R _ \ % g\ﬂ LX) ep
g8 s T30 P odef . gy A2 dgt

S:‘-M& 3. Let R be the ring Z[(p], where p is a prime number and ¢, denotes
a primitive pth root of unity in C. Prove that if an integer n € Z is
divisible by 1 — ¢, in R, then p divides n.

Whew © =2, So=-A oh =T ln @ 2l T oltrws . Asswms Dradd -
RN A o) P _N’.; )
A =17, e 5= imo = A=Crat) 5o (@l o pd ALERS ,\,_*\ °
C+ =) * / ok gole ?airf—g
- i o s r\‘ew-w:‘v‘; ?5 YN .
'1'@ &\V\ [y Rl"-o“"vc_e G'Q'Q'('(D(BY\/Q)'GO\\ || U (e o erion
- 4al (@) by tho Brarclonts o
\ n =) PKV\

@

D P:ﬂ(?ol
(twecv‘lime\loa

Qa\~§-\- -j-e)—w.(e A—e-. GJLM Qﬂ(r]
= Ao

\:1008 2. Show that the polynomial z° — 52% — 62 — 2 is irreducible in Q[z]

\\\*\-@&NCK\DM« wod S
wo lineor Packor, <o Ynss:uy. Loctorzation t ,
W - -1 = (o4 0x+ b —artc (@ bx- (0-2b) ) o el coelfts of
buy (O-B)b - &(o-ab) =-1 . obla*-2b) =-~2
®G.b)=1e), (2,1, (243)
Fa003 3. Obtain a factorization into irreducible factors in Z[z] of the polynomial 20 — 1.

Y= (3« V1O -1) = (= D0k 1) (E R 3=%+ D) (X X X+ L)

T\'\re;/c\wd\)\s- ol 2



3. Let & be a field with characteristic 0. Let m > 2 be an integer. Show that
Saecd ) . S
flay) =a™ +y™+ 1is irreducible in kx, yl.
~ & = h 9
foke oun Tradochle foctor puy of d1 ad b pron <N
N
(Pl «RTY) piwe

%c&(iﬂh*ﬂ , 47 j = %d(:ﬂa""“ X ‘f-\v\\ =1 = \aw-:e\ ¢ p*
“K
B-] Cisonskein citerim \v-vcl[:\\ L red.

’[\/\L\ﬂe oL CoAen Mot od P redchion wever wovles

S (2) Write down the minimal polynomial for v/2 + /3 over Q and prove that it
S’L&oq is reducible over [F,, for every prime number p.

o= [T48 = @-8 V=2 & o™+ 1 =28l = ot | =2 & t-loss = 0
T o Lo Sachrad ko doger 2 polppmiiel [T orS o [T axishe, T (2)=-1 (3)=-1 1

Saol(S 4. Prove that the polynomial z* 4 1 is not irreducible over any field of e &'E%i)"‘%‘i\"l

positive characteristic.

bk k}__:_\=io F=Z.’3
+1 3
CX <) 7 o= (K Er ) 1 x) . * R
XL =R @)= (R-ROR) HC" Fom A FL B enshio | G e

-cmd'ovd. Now &) V=4 %o t\hul. vesideme
So b e Sotme oaguned an /' So TS owe v <1, 12
F‘J_D\O 2. (a) Find the complete factorization of the polynomial
f(z) = 2% — 172 + 802% — 100 in Z[z]. = (K=2)&=5)C- o)
(b) For which prime numbers p does f(z) have a root in Z/pZ e
(i.e, f(x) has a root modulo p)? Explain your answer. ¢ \‘"’[ K Gout &Y



Golets  Hamy (inon- Conputtoral )

SZOO 3. Consider the field K = Q(y/a) where a € Z, a < 0. Show that K

cannot be embedded in a cyclic extension whose degree over Q is divisible

by 4.
AQSV\.M g-ﬁg\c& ey L [ K [ Q Suda oot GD.QLL/ @) o Z/@V\Z
c We Comn ewbed L Wit €, So By owe Q.W\.QMMTI'% ondh rnsiden Lo a S‘...ﬂ\'_(:l'e_(alq-{c_
[[) e Y-\ch-\=9-| X 3 -?hcaol 51 o ndix IGM%Q,.Q_LL/Q),
L 1 So Tt don 4o covvespond o 24,2

lex cowtugodtton
\ e ¢ R, we hove LR an wel, G‘e-?'e-.buw‘) )
, ‘ zg\,qﬁa,_ Qi Te&l[qm\%mz' 7% ) MW(rgbu.a_OI—cL/\.Z
| &Z/‘H\l ﬂ(-h--ox.* NMKQ’ ‘9-"‘-3 ; So Tal=Te QAUHe) . Horefow 1€ L2z = GA(YE).
5 | ses. TUYF I | 50 k¢ LT,

Q Ts o Covihaldiciton,
7%

Faseo 4. Let G be a finite group. Show that there exists a Galois field extension K/k
whose Galois group is isomorphic to G.

—(—GJZL G < S.,\ L&S [,\=lG\l ?e‘(\mud‘o."—?nn AJ—'F:WA 67 ﬂ_ﬂ:&k M‘ai'ikl.ica“i‘?ov\x

Note ttat 9K, 1. (X0, Xn ) Le) L‘
Tode Yo Pead sulfeld
Codets wikheCad=S,.
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. . R LY A AYLY
F\ e «ﬁulaQA /’l? v
V‘f cIn AL F?u witta Y“ eloeds /l/“:v"\ /; -..\ .
(Upts T . e B \
vi-

. = A ;‘;!,.v\-h"\'ﬁ -ﬁ‘eﬂf Ti—'[ € E[T] \ / N / |
P K. an Eb‘-'kftxel oot Faeh—F \ F» /Fr‘ id
Y /ﬁ“ B o El-

X — b

e /r Gl G (f/R ) =<Raby =< Fa
’ \E; = ZI/L‘{)—QZ
m 3. Let F' be a finite field of order 2". Here n > 0. Determine all values of
n such that the polynomial 22 — x + 1 is irreducible in F[z].
XX+ w5 ieedable W RO, oand FF EE"%XZ_XJ,Q ~ X6 splits M F
Se £ wa £, [_E e Ao eots o x4l are w RA\F
Yr-x 4| 15 tvedeabe €I & R 4R e 4T o niedd.

A
Fao5 5. Let L be a finite field. let a and b be elements of L* (the multiplicative
group of L) and ¢ € L. Show that there exist x and y in L such that

ax’ + by’ = c.

let W =#((ﬁk)l}+l ) 12 o Lumaber S/JY Suare lonind 4 L.

W= % Gl § e So U | botf. Casen
iii T{ QD..O&A ‘
Y
New 3nee &, be LY, we |houwe #{O:L‘\IGLH=#{Q—L3‘ laeld=n.
8‘1 Phauh\/wea. ?n—tuc.'\?(l. {axt (xel ) afe-bytl 4ell +¢, so arta byt = ¢ Ban o sellcteon

\:10\3 6. Let p be a prime and let F' be a field of characteristic p.

S

(a) Prove that the map ¢: F — F,¢(a) = a” is a field homomorphism. ")
(b) F is said to be perfect if the above homomorphism ¢ is an automorphism. Prove that

every finite field is perfect. Reld b bztiioen —Ch»h .ﬁe(a)‘m gﬁu_ﬁw .
(c) If 2 is an indeterminate and F is any field of characteristic p, prove that the field F'(x) is

not perfect.

P
0 Lo € Flx) ~ k{-’('—g%n = % F X eEX) becorse
? \ A,_}-(—\(\ﬂ s V}Jﬂé%(\(‘\-@\



Fll’l_" (5) Let K/k be an extension of finite fields with #k = ¢, let ®: x — 27 denote
— the gth power Frobenius map on K, and let G := Gal(K/k).

(a) Compute the minimal polynomial of ® as a k-linear endomorphism of
K.

(b) Use (a) to prove the normal basis theorem in the case of the extension
K/k: there exists © € K such that the set {oz | 0 € G} is a k-basis
for K F (According to taste, it may be helpful to note that this is
equivalent to the statement that K ~ k[G] as k[G]-modules.)

(Q) (et €= Eg' . Stwea F"n = <')QGTE\ Fx=x§ , -1 s Ludd \>")+e~awm.\=olj £4).
S'h\;\;au cLég <wn-\. Then Oy meﬁ“ s 4‘:&1 vovt 5% +LL‘ P"Lﬁ“""i‘“& §G§\m»x
oaon, o dugen o BENO=X T3 o st 47 S TS Lo
G, PEV=TE T He el polpuonial of %,

o (W) X o£ts e &\3 é .
(&) %‘3 @\, T ™ a Losl L F%[XB/QA”‘-—\\ — okt e [&

J + s \o W foct st iFS
g"hc,_ &\? Y_K'l o a ?T—D 0 \>‘§ ‘Pe-n- S ‘Vu.C"\Ah"— U/S 'F“'\ V’" o= rP’L‘B Kxﬁk\‘\‘\nﬁw "\SL(\(\""\) >
‘ kS

R“ = ﬁ[q/(x“-n eﬁB%F‘m@" Q‘&D%;(x\ , £, --- | feal &0

gh-u. A'\»"‘*ﬁﬁk‘\/\ ) Qhw\ Fq\()ﬂ/[ﬁ\-\\:v\ ; we L\u-:. Elln 124 EDQ/(\&“_”K@_ &F%('a/vl})
" (Tl ?wvf corks for all oyelic esf)

Faoto 5. Let F, be a finite field with ¢ = p" elements. Here p is a
prime number. Let ¢ : F, — F, be given by ¢(z) = 2”.
(a) Show that ¢ is a linear transformation on I, (as vector
space over F,), then determine its minimal polynomial. fx)=X"-\
(b) Supposed that ¢ is diagonalizable over F,. Show that n
divides p — 1.

() @ Logouabiadle © K-\ spits S et Baon fockoy ALY

o odon drddg v e nlx-)
& H:t 3o\ fao W elomes DQ et éjgw'h:'?moﬂmcl:{%d) A\ p-

. _ _ . 0  dkp-t
S2011 2. Let p be a prime, F a finite field with p elements and K a finite exten-

sion of F. Denote by F* and K* the multiplicative groups of nonzero
elements of fields F' and K, respectively. Prove that the norm homo-
morphism N : K* — F* is surjective.

~ —s Lasra (ihw
R“‘-“‘“ Nom o r-f o -ﬁe‘d ext \'/\c vS cle-Fi\A-loL 5‘3 XGL"" NL,K(’Q’ K&*'Ug' % ]E {{’ )

— Ty b
E=Fy ="~ GaRAIG @i _ )@ﬂtrﬂ: i
w=l! S R""(‘L"E epatal
I N ()=TT x = P o GTF O
F=- & Ef x) = X =7-T-X-- Gl At ()
v SE "/K wov wall

. =
o vouh A4 &)
Tods % 4 be 1 pAwitioe oot of Ty (te. o ‘?f’”m\” y

o YT e A o Pl o o gonater o @




Note (QRLJN\ \,,&»?m c% cLaractes) Lt
X G wovotd) | K= X G— (L, ") thomatd bown
v L" 'c?t’-(A ) TLD- K=o .th"‘p‘:\l\l-oﬁ-\—) N&L? /L_
@’Ihdﬂ—f:hh ew N =1 Gz X@=9 v
o1 TBhe G, AN, 0), Liadtdp prowe LAGFO
E{_)—-x-n W\ #r%u) s {K,,w we ove drte b-J \uol:—d?!uh\:.l-wh’uiwg‘s.
T ThXz=o (e womoddas Act) |t %o -‘-;Z”A,:'X; .
Kal DAY= Z A G XLR)
-) = Xulg®) = F A KQKR)

0-3 MIEI )X YIE > Xuw Kz (93) . Guchadebun
- g k"‘l Dl ctien,

FJ—DDS’ 3. Let k be a finite field and K be a finite extension of k. Let Tv = Trk
be the trace function from K to k. Determine the image of Tt and prove
your answer.

g"‘“ JLTS PJ'”{"'C*‘ KAt S‘an,-.[,l,_, se T‘"W’s = KI-V' HM.QKKI:—L) ={¢,-» 4.0, WL Separable

i Togrgo)= oA -+ Al 40 by Bew Blipalac

Tren K=t nowere B Braar <2 Surfective . hebarded

Avtin- Cehveior_ext

ng (L(_ 3. Let L/K be a Galois extension of degree p with charK = p. Show that ]«
L = K(0), where 6§ is a root of 2 — x — a,a € K, and, conversely, any
such extension is Galois of degree 1 or p.

B 2ot b e Kl athen onncible, o & anort of T
factors. Find this factorization if f has a root zp € K. va«a'\’\s L“\'(L Hooa G‘ \<
let L) =0-%-a Nok #at bkel . flxek)= (x\«k)"—m\c\—ai L.(x)
T fu 15 Soporobl 0k K8)= KEY/ () s He wviveal ylititg fed of o
F L)=0, tew Q= &cm_n-u) Y

K(©) 2 Galeis

1L Gek. o Te@O:k] =1 o0nd Tk ) =p stbunise.

abnks G(KOA) x %z < Sp  bacouse Gial+k foren Qex e Geker.

Now we provede pot  fry GallWe)= D=2 5

T e m?fmol &G?L st (@) =841, e q—(gi’_e-) ~q@®f-c0) = [9?—[9,5-., o-g-fe K
od KB =L (becomse B#ék) TS +E.,<:lz1;u.\43 feld of 2F-x -0, w
T Lo sach & wrte ot by 4 Bor Tadipadsues of d,mtrs, Le®: Ll \oskee-s b tdep.
o 1= (T=(F 15 He panial plyroracd of oL
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B --,Qp &
(L Am\\mw-oﬂ. (-’-m wr. o k-basis €, --, P
r_uyb <r(20=€. n'-\elék,\haw\ ODOAL e;'—"l
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Cyclh‘omc evtensions x
W (NISW Eaa.(al o? X'A— \ Goﬂnuf r‘-€ ne K
K(}A o . Gow wlaw =Q

. ot Tw warat ,
A Gal (gl /) ’—;@V\?—\ ey e & Qpec«wu £ L Trvedocior by dj

o — L sk SGA0 B

. Cua priwtive W et 4 Uity , Klp) - €D

_ﬂ?m Yot

20035, Let (=eF and K = Q(¢) the field generated by ¢ over the field of
rational numbers. Prove that K contains /5.

Lot =G+ {7, Hem =042, By 1+ Ta T+ Ue 20, e L Sf40i-1 =0
& ¢
Gins Huo disesrntrat € XX =1 15 By ve bowe O )=al1c K.

S2008 2. Let € be a primitive 9-th root of unity. Find the minimal polynomial
of £ 4+ &1 over Q.

ez > -l g2
QO g )=@42) ={111224) ok 480 ot of E<E" by e Godlots action © AP R LY
{:ih —s . 3 “\
Tho wirdead polynsd o o8z (3~ E8) (x=(E EN(x- (% TM) = X0 -3+ L

Faeo? 1. Let G be a cyclic group of order 12. Construct a Galois extension K
over Q so that the Galois group is isomorphic to G.

Gl (@00 /fg) 22} = 2oz

F‘J-O\\ 3. Let G be a cyclic group of order 100. Let K = Q, the field of rational
numbers, or K = F),, the finite field with p elements, p being a prime
number. For each such K, construct a Galois extension L/K whose
Galois group Gal(L/K) is isomorphic to G. Explain your construction
in detail.

GAQ(@(C‘J /Q ) = @/Icl 2)’( X ooz
G2 (B [R) = %tz
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‘57'(%) TS §a\>amﬂa = gd(_,ﬂm,ﬁlﬂs 1
\c\J\MN\ —e[".x_\ iS \he.&MC,\HL —{(’ﬂ 1s w?e?avabln. Fg: "F(.’ﬂ 0. \o\,\\\{ \Ao.‘)?q;,s -?D >

posthive chavogreristic
S 200 32 Let K be a field. A polynomial f(z) € K|[z] is called separable if, in any field extension,

it has distinct roots. Prove that:

(a) if K has characteristic 0, then each irreducible polynomial in K[z] is separable; \/
and

(b) if K has characteristic p # 0, then an irreducible polynomial f(z) € K][z] is
separable if and only if has no form g(z?) where g(z) € K|z].

Give an example of an inseparable irreducible polynomial.

Toebootl, f00= 20, % 55 uﬁe?am‘)h e =)‘f AXT =0 &= Vi pli Qim0 D 33ekK) fra= 90 .
i3 L)
k= H:e("c\ A~ XPot 16 Twedntible (Bsesten ot t €BleY trviva)) ondd g.,.;e‘)ﬁmﬂl-
9.00| 4. Let p be a prime number, F,, the prime field of p elements, X and Y alge-
S braically independent variables over F,,, K = F,, (X, Y),and F = F, (X7 - X,v? - X)=F,({-X X7)
(a) Show that [K : F] = p? and the separability and inseparability degrees of K/F
are both equal to p.

(b) Show that there exists a field E, such that F C E C K, which is a purely _ _ A}
inseparable extension of F' of degree p. E F[_t;/tt F (X LN )

(o) K/\F,\Vu‘i') /F eock. o4 J"‘d ? k-'- F[X ©F) T 4l S'QPAML&. C,LM) % Yvwda u..SefM‘J-L /F: 4
resep 557 4t XX x [P day 7.
F_').ODS 2. Let k be a field of characterlstlc p and let ¢, u be algebraically independent over k.
Fm Prove the following:

a) k(t,u) has degree p* over k(t?,uP).
b) There exist infinitely many fields between k(¢,u) and k(t7, uP).
o) L4 WY = A e ) e ﬂt‘m(ﬂ/@ 8.
Tirved oo n&wx
Tew w4, ) Tl ) AT = pop= p*

) Take S € RUD) ond comsiden \<§-.='%(’c‘.\ﬂk¥u')u+&S.A'L&‘.\i\gt;s{&.u\
We gl ot B 43, e K4l <Rl

Siggste K(—’\C"a foo £-9. Then @H‘\ wet) — (] +t) e K; s 'b\C&E)u*ﬂ— e GK_E_

W e 3
UMW = K. tdedscton, 3
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o€ GIEL) jowites Hhe voots fu,~ ,u ) See o (Jood g fletod ‘”“"”E"‘
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S200] 2. Let K be the splitting field of f(X) = X® — 2 over Q.
(a) Determine an explicit set of generators for K over Q.
(b) Show that the Galois group G (K/Q) of K over Q is isomorphic to the symmetric
group Ss.
(c¢) Provide the complete list of intermediate fields k, Q@ C k C K, satisfying
[k:Q]=3.

(d) Which of the fields determined in (c) are normal extensions of Q ?

) ook @ £ 3 €2 I3, Freo, P2 (wian orden 3 el € €
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Fase| 4 Let K :=Q(v3+V5).
(a) Show that K is the splitting field of X* — 6X?2 + 4.
(b) Find the structure of the Galois group of K/Q.
(c) List all the fields k, satisfying Q C k C K.

(@ ([3+E): 8428 ~ [Bek, F(5I5)3E+55 ~ [5,53 €K, & K= Q(5,05)
(K- )-S5 -0 o X-3:1F e X=1HE = 1%—;(\‘13\ 2
O /f[lﬁ,ﬁ ) —(—\,\,_QY\‘*\\Ms felais k(R E)

Qb ) QUE) ~ \0\3 1o Froslation SN VANY 758

’L\Q L
) sy O CA@BBVo)x 262 L0 89
\ BéR Bo-f B -5
Qe i) <)Y 55 ﬁf) Js— -5,
NS K
_2/1." (Y RS

|
o(ﬁ)/mu\?'\ @Us)

Fj-OB 5. Compute the Galois group of f(z) = z* + 1 over Q.
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Faolb4. (1). Determine the Galois group of 2! — 422 — 2 over Q.

(2). Let G be a group of order 8 such that G is the Galois group of
a polynomial of degree 4 over Q. Show that G is isomorphic to the
Galois group in part (1).
(V) ot ae 1t | lak-QlEw, ) Ao B:J T €k, i
K
o,

kws\.\h"‘ Sts Y-aX-2 B 2 -Teevstein: §o Trredocible , S_@(I}J—E\ @3"4’ .
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So Tw gosttenlon Tsomepi o e,

S2008 3. Let K be the splitting field of the polynomial X* — 6X? — 1 over Q.
(a). Compute Gal(K/Q).

(b). Determine all intermediate fields that are Galois over Q.

roste are {115, & K=QEE, 3-6)=CEw, ), By ar
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L9260 3. Compute Galois groups of the following polynomials.

(a). 23+ t2x — 2 over k, where k = C(¢) is the field of rational functions
in one variable over complex numbers C.

(b). z* — 1422+ 9 over Q. Yoots t[Z1[s, Spliting feld QE ), Gl =22
(0 et G 0, 0y be 4w qusts o 05-a-) . Thaar an. dstonet becase (e-0-1, 3et-1) = |
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S 2013 6. Let K be the splitting field of 2% — 5 over Q.

(a) Prove that % — 5 is irreducible over Q.

(b) Compute the Galois group of K over Q.

(c) Describe an intermediate field F' such that F'is not Q or K and F/Q is Galois.
1s Fisewstetn at 5,%¢ terednetble .

(0) (x+5)-5 -
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Saob 3. Determine the Galois group of 2% — 102% + 1 over Q.
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F2010 3. Let K = Q(¥/2,v/—1) and F = Q(v/—2). Show that K is =
Galois over F' and determine the Galois group Gal(K/F').

\:hlg 2. The dihedral group Ds, is the group on two generators r and s, with
respective orders o(r) = n and o(s) = 2, subject to the relation rsr = s.

- a) Calculate the order of Dy,.
Jee

Lo \‘J(‘s (b) Let K be the splitting field omcfl \f)\olynomial 2% — 2. Determine
®\‘;},\ whether the Galois group Gal(K/Q) is dihedral (i.e., isomorphic to Dy,

N for some n).
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gzoq 1. Show that any transitive subgroup of As is isomorphic to one of the
following groups: (a) the cyclic group Z/5Z, (b) the dihedral group Ds,
(C) A5.

2. Let f(x) = 2° — 5z +12. Verify that f(z) is irreducible in Q[z] and its
discriminant is d(f) = (2°65%)2. If ry,..., 75 are the roots of f, let

P@)= [ @—(ri+r)))

1<i<j<5

Show that P(x) is a product of two monic irreducible polynomials in

Q[z]:
P(z) = (2° — 52 — 102% 4 302 — 36)(2° + 52° + 102 + 10z + 4).

Use this information, Problem 1 and properties of f3 € F3[x], the re-
duction of f modulo 3, to show that the the Galois group Gy of f is
isomorphic to Ds.
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uestion 6. Determine the Galois group over Q of the polynomial dip
Fw\ak Q group Q poly B2 |« S84 (%6 73]
Joe X0 +22X° — 9X* +12X3 - 37X% — 29X — 15.
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F‘),oﬂ' (4) Compute the Galois group of z° — 10z + 5 over Q.
Tered g (Erseustern p=5) , 3real roots

—~ QS
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F‘.}.oo‘{- 3. Let f(z) = 2° — 9z + 3. Determine the Galois group of f over Q. 3.[Fgnstein, 3 rad cesls

Faoo0b 2. Let f be a polynomial in Q[z]. Let E be a splitting field of f over Q.
For the following cases, determine whether FE is solvable by radicals.
Yes (1). f(z) =2 — 4z + 2. Avy scbap R Sy 5 soluabls
No (2). f(z) =2° —42+2.  Gol=S (medwd3 Jresl woots) :wat soluable

Saoell 3. Determine the Galois group [up to isomorphism]| of the splitting field
of each of the following polynomials over Q :
(a) f(x) = 2% — 923 + 9z + 4,
(b) g(z) = 2° — 622 + 2. 9 - Eisenstein, 3 vead wofs ~—~ S
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%A\(_% 1. (a) Let S,, be the symmetric group (permutation group) on n objects.
Prove that if o € S, is an n-cycle and 7 € S,, is a transposition (i.e., a
2-cycle), then o and 7 generate S,.

(b) Let f,(x) be the polynomial z° — 523 + a. Determine an integer
a with —4 < a < 4 for which f, is irreducible over Q, and the Galois
group of [the splitting field of] f, over Q is S5. Then explain why the
equation f,(x) = 0 is not solvable in radicals.
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amwnsr T=(12), c=(12---n), Mo & TS =(+2)@43) for & sw-2, 2
oy (2 240 €{T 0, ok Hax te Sa .

(6) Ba JM““B Wa 8m?1,\ ,,»_? W 53, e Sex Lot XE- 40 aduh -fjm real M(Wiﬂﬂm\’)
S0 as o as L) 75 trredcible se_?gp\ak,"r[' boe o Mg?ﬁurjrvﬂto (% %Cﬁ)ng& £

k&
s X-S8 £4 Lomeavoot £ €@ _;47@?[
XS-6x s Kowe ot O €@ , e ! eo\_‘h—
e |t amed €FGA (hudk), 50 X=S¥ 70 b Q== 3ol are Trred
X22P-5KD)T 2 TS 5-Eaestein, So X5- §X°+ 2 ove Trrednaibl -
{ . < Lawa oo vout LI3
Sepability > fur ()= SxF_18 x*= 5x*(x-3) . Byt gropts, £0 Br la)= 4 cannct ‘
? ¢ 0(07"3 9...[,) _c,,_ o.a'b/\,)\hﬂl's Aﬂroo%_g@;mho:(d.

&
gt’-& 0\‘= 3,2 l—\ \ \11\3 (\NF% +€,_ Yrveducibles
EH& oé:ftvt: ——shua ot B Hens 075 because S 15 vt Rualle (endens s sliphe)
“ 3t )
Fj,o bq 3. Determine the Galois group of ¥* — 422 4+ 72 — 3 over Q.
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S;Lol 2 3. In this problem, G denotes the group S5 x Cs, where Ss is the symmetric
group on five letters and Cs is the cyclic group of order 2.

(a) Determine all normal subgroups of G.

(b) Give an example of a polynomial with rational coefficients whose Galois
group is G, deducing that from basic principles.

\\-H-\\—ﬁ ;te\d .
6) Let oo = x5-4%-1 (Risencten ot 2, droo 3 waal neo®) a-dk K be e 7
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Fﬂ.uls 4. Let H = S5 x Ss.

(a) Determine all normal subgroups of H. Make sure you have them
alll What would be different if H were replaced by Sy x S5?

(b) Describe, in full detail, the construction of a polynomial with ra-
tional coefficients, whose Galois group is isomorphic to H.

H< Sg, IHI=40
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F?Qlo\ "I’eum vounda- ?V"B‘“"S

Q 216 2. Let FF C K be an algebraic extension of fields. Let /' C R C K where
R is a F-subspace of K with the property such that Va € R, a* € R
for all £ > 2.

(1). Assume that char(F) # 2. Show that R is a subfield of K.
(2). Give an example such that R may not be a field if char(F) = 2.
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Ris cloged Livder Tabag powers : Let 0+bX<cY c¢R, o.b.c eF.
‘ " ¢ } k 2 Q =(6.0)wed
T (otbXee) '-‘—‘IZ (;y)‘[:) bXPEYY  endn term l)q\wkth F 4 §.H=loio)wd

TR " (‘::z(( r{_4 Fl(éb\z
5 selhean o T 2] (1) \FF bk T
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T3 © weuwZevo k)eGM-k \:‘:‘_X_\:E'—k,_l‘éx —\——\%S 2\%-&_\_){8—\_%\ ‘-; 1
& _’[' :);F odd , ka <uen
K
"4 Prove that the group of automorphisms Autg(R) of the field R that fix Q pointwise is
trivial (Hint: Prove that every such automorphism is continuous).
EL2x = 3 e® Yeaxn 3y R ) e Sy = Sz e )
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Fao(8 Question 5. Let ¢ be transcendental over Q. Set K = Qt), K1 = Q(t?) and K, =

Q(t? —t).

Show that K is algebraic over K; and over K and that K is not algebraic

over K1 N Kos.
Q=K s alygbrai /i, Jy batause i3 @ rmbef  (T-4) e RIT)

AN G-T- (t)eleIx)
Q) QU =K Cousiden 01, € Atg(€) defrrdk by
@.LH) = -t ) = 1-t R A
K.o¥ Thate <4-‘R"c-1 Y= ‘-l-:' =, K. < K A < .
Gll ~ Kok, € KO

Now wde Haf Qs 21—t

x \ -
For Oy vokipral £ —fL—He QE m).?:u;%i ov k:m existy,
<o 1- Peﬁncln‘d'f‘a_ Mbm ot -;H") Ts Cewstoud- So Kin K. =Q.

K/a 8 touscendendnd,

Saoob 4. Let k be a field. Let p be a prime number. Let a € k. Show that the
polynomii%nag” — a either has a root in & or is irreducible in k[x].

Toke o spling fld B o oo, woombon) = (xiy) o B
e Cos vebustba g ’_\_Qg R - on =91 () eeway @ssie 3D T&L-fs? O ~¥e) kep
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FQ—OQS 1. Let K be a finite field with ¢ elements. Let n > 0 be a positive integer.
Compute the sum
>

zeK

2. Let K be the splitting field (in C) of the polynomial 2* — 322 4 5 over Q.

(1). Determine Gal(K/Q). dildrad &4 odn &
(2). Find all intermediate fields Q C E C K such that E is Galois over Q.

3. Let k£ C E be an algebraic extension of fields of characteristic zero. Assume (s qweEDN] wweovst.
that every non-constant polynomial f(z) € k[z] has a root in F. Show that E is et L={keiiedortial e d”
algebraically closed. Efe oy = Ly 3lmu.x1

LLD%M\ )= degq TLi) <es

. . . . s Fhodsepedt. 5 F"l‘tﬂ/(m\).
4. Let R be a commutative ring. Let I be a finitely generated ideal. Assume by claro

P
that I2 = I. Show that I is a direct summand of R. g th:‘m-z.m){m—{

xr——»nd-fsm

gloos 2. Let F,, be the field with p elements, where p is a prime number. Let

fap(x) = 27" — 2 + 1, and suppose that f,,(z) is irreducible in F,[z]. Let
be a root of f,,(z).

(a) Show that F,» C Fp(a) and [Fp(a) : Fpe] = p.
(b) Determine all pairs (n, p) for which f,,(z) is irreducible.

3. Let & be a primitive p"-th root of unity. Here p is prime and n > 0.
Let f(z) be the minimal polynomial of £ over Q, and let m be its degree.
(a) Determine f(z).
(b) Let a, ..., an, be all the roots of f(x). Define the discriminant of &
as:
D(¢) = [det(a] )y?, @j=1,...m.

Show that D(€) = (—1)™5 " NZO(f/(¢)).
(c) Take n = 2. Compute D(£) in this case.

S200¢ 2. Let & C C be the splitting field of f(z) = 2%+ 3 over Q. Let a be a root of
fle)in K.
(a) Show that N = Q(a).
(b) Determine the Galois group Gal(K/Q). QACSG, A%éex-\- Aowsdive 3

S2004 4. Let k be a field. Consider the integral domain R = kfx, y|/(2? — y* + y*).
(a) Show that R is not a unique factorization domain.
(b) Let F be the field of fractions of R. Find ¢ € F such that F = k(t).
{¢) Determine the integral closure of IR in .



Floo 0
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2. (a) Let p be a prime number. Show that f(X) = X? —pX — 1 is irreducible -PLX*H = (¥« ) PX .
in Q[X]. (Hint: use Eisenstein’s criterion of irreducibility for the image of f(X) = Sz-q. \:Y?-= -- ‘(DX
via a ring automorphism of Q [X].) —~ oo 4
(b) Let R be the ring Z [X] /(X* — 3X? — X), where (X* — 3X? — X) is the ideal 2 el wadt
generated by X4 — 3X2 — X in Z [X]. Find all the prime ideals of R containing 3 et 3e pe R Prinee .
(the image of 3 € Z[X] via the canonical surjection Z [X] — R.) R/P ™ o quoftewt ef Ray whoden ot e,

Rin= R Ve 0=R/L,

Uﬂi‘; F “S&ﬁ] = R/fl
3. Let K/k be a finite, separable field extension of degree n. Let (med ¥ mades?) 3 L"‘“u_\., ~— vedoced
.‘\Mw 7 (0) or (e 1y
p, p: K— M, (k) R _a
(0@, (0¥ o
be two morphisms of k-algebras, where M, (k) is the ring of n x n matrices with M:KT\{ od 01}
entries in k. Show that there exists an invertible matrix A in M, (k) such that wod (\.ux‘,x~x‘\
' -1 Ok x=) (8
ple)y=A-p(z)- A, forallz c K. o)

~ = (3,%1) o (3,3)

1. Let F, be a field with ¢ # 9 elements and a be a generator of the cyclic

group I, .TShow that SLy(F,) is generated by

—lus 35 o bad th(l-ktw)
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