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Etheory - general
- finte groups

retationthoug
letters

directerodesgroupsan e
NxH -> G subgroup - NAG, HaG, NuH=/e3, NH= G ~

i when
More generally for 4:H-Ant(N) thendefine NH by 9:trivial

~ as a Set NAH =NxH
4

· group
Str. (n.,h.) (M2,h2) =(n,4thi), Gita) ,

t (n+hnh)IfNGsNte?:H-AntINS
coacton

Then NAH -> G "
(n.h) 1-nt (2,ti/Ma,haltnotnatur

=n,Ihh) hihe
↑1 I Creinin,wind- ncreHG-G/N

isOM

Sufficientconditions for NigH =NAH
& Aut(N)

Aut(N) H 190Flog" for geAntN② As Ant(N)
It is ver

EI NIHE NIH I NigH-> NAH
(n, e) +- (n,f(t)) int) (gini,tl

Classification of44 49) (9.8:qrine) & 4:nontrivial
=>8/p-1,44)=3k*,ke44)*

2/19)- Ant(*/) =44)=734-
Such 4/9,4 are all isomorphic

& Ditrivial => 4/1*491= 98:

primitive I 48Ap)ee
almost done



Elite divisibility results are extremely useful!

· H<G =

Gi/H, (G:H) =IGIHI EIN (Lagrangel

· Gu G/G Gu 1Gx1, 1G,1 IG) (Orbit - Stabilizer (

thu ylal=IgG order of g =p.)E
*theorem/s) G:finite, p: prime, Sylp(G):=/Sylowp-segpoSG3
& Hp = 1 (modp)
& G SygIG) by conjugation HIgHg";the

entertains
Stab (H) =NaCH) =(g=G)gH

=Hg3

(
itMg =(GiH), then

~x (G)/INc(H1) =he / (G:H) H =NaCH) self-normalizing

③ Any p-subgroup is containedin a sylowp-subgroup. 9-Sylow

technique:I find possible he's using Up=1 (y), n,l(G:H)

& N,=1is theSylwp-subgp is normal--reduce to understand
G -xG/N

③ If U,:large, many elements
--- EsylowpFAC-section (e.g. GA cyclic) thehave p-power

order G =NAG/N

e.g. when p4G), G notsimple...

I
*S",) I

#ofelements oforder Note If N =G,*?GNES, IN)coprimeto ordea

then Thom S sit. pos-id.
=n,(p-1) 1 "Take gep",

then n=o, divides IN).

&Use GEIdijections on Sylali)]=Sn, I Leth =gr, then ordh=ordg and y =p(h) generates GN

define GN=<4) -> G by y1h.

↳ow:transitive
counterexample when IN1, notcoprime: <4p-4/2*

Ker = MNa(P) ) =noitis
PeSylp(G) PeSylp(6)
-

Fall 2019 x4 < G F2015
-

S.2

9/ra-1,49 n=lorg Fordent
x
-- - -

- 11
I

gIng-1, rgIprg=1 cgeNeG-Ge -GE4gO4.)=8e"p
Inorders



1=2007 Not 14 ⇒ ha =\

hz=l,3,5#1=2017
hrs - 1,1£ → 2- to order 3 elements]too
h5= 1. 6-→ 4.6 order 5 elements

"

YY
2- f. 292-7 huge I

1=2011 µote:NoÉ→ G solvable
(52013-1)

glib G- N , GIN solvable)
b) pl n, -1 , nplq ⑦ gap ⇒ ptf-1 > h,%¥G → G✗v=% ,

114=5
⇒ abelian

9 Ing- Is hqlp
'

② q> p ⇒ hq=7orp
'

.
If ng

--1
, Haq ) -14dm

'

'abelian) ( later )
↳
lipip
'

zfnq=p
'

,
then]-p4q- 1) order g-elements → only P' elements of order

→hp=1.Sameasbefore.t8-
52016

11-11=3 . 11<1--11 HK a> G → 742 4:42 -1%35
HK < G index 2

F-
-
- ×

a-% ✗%
→ G ⇐ 7433%42 I 1- co .

0 ) →%
⇒ normal

, ( 1 . 0 )→Do >%,
( o

. 5)→ 43×1222
3. 1- (u - 1) ⇒ 1-11<=-7433 11

. 5)→to

32-7
" F2o&

52007

G : Simple ⇒ thom G- H is trivial oriuject.ie#iia--4-36t4.mpossib6.nz--1or7.ifnz=7--s-G-AutlSglz(G)1--57 transitive⇒ nontrivial
H

injectivebut 22447 ! = 5040 ~> impossible

52014 mirimalhon-soluablegronpmv.tl#

soon

"

"",÷÷Hieitg÷÷if p > of-1 , np= I

-e Plus-1 , hplf
'

1=2014 t.io .si
Etf-1 , ptqtl

→ up -- I

(b) No
.
G=Gn AGNI - - - ☐ Go =/e } sit . Gi /G :-, abelian

.

if j j
H = Hn > Hm, > - - . > Ho =/e)

define Hi = i.
'

(G) = Hn Gi
.

Applying how thin to H : - G: → GIG:-,
Ker - Hi- i → 1-¥+1m,

✓ so Hn-H-k-i.H://t.i.EE/Gi-,ahelian
☒



1=2018

hz=3,hI idea G, a Syfy(G ) n, G
Is Sa

,
if 6 : injective .

we're done
.

Ker he =
.

No
,
Cpj

SP . . R .
Ps

. Pal

Hall? 11=6 → Ike. y , = , ,z . , . ,
Pa

"

Pz

• Note that Pio NalPi)→ Pi : unique 3-Sylow subsp of
NaCl?- I , so INalPi) n Ne

,
Cpj ) / s 3

.

• It remains to rule out Iker41=2
index2

G ¥ Gham C 54
"s → 4-

'

( K) s G , Sylow 2
A4
17 Contradiction

.

K : Klein 4- group
⑧

Similar problem : (GI= 12 , Ms 't I⇒ GE Ae, use the same idea : G -4 Sc,

• G - Se
, injective because IPilEl NaCl?

- 11--144=3 → I? - NaCl? )

Ker.he = n pi = let

.com/-ains8ordu3elements-Im6containerization

[200 / because FP < N Sylow 7

- ⇒ t g-
' Pg - g-

'Ng -N .

Any of permutes Sylow Fgb
en of G

,
and GCN) is the group

ca) G -- HN # H
- G → GIN surjective

µ
" - Pn &T±9÷shg?↳÷fk.

⇐ HasG→GIN injective ⇐HnN = let '

Let p be one of Pi ,
-- Pk

t
tht -- koku I

'attire N contains all the Sylow P- Sulgroups

Scoot
- e elements

G n GIH by left multiplication
→ a es S

,

aqte.ee/
I era l l god( IGI , Isn , =p

But we know Ker4 a stable - H) = H
,
so

P = (G : H) s (G
: Ker4) E p -s Kerce

-
- H , Hiuormal



groups
Gip-group, p11X)=> 4 divider the

# offixed points

eg. Goingation *G=1 lonj
class ->q" =1t - - +1 +(pK'sfork=1)

en

9:fixed by conjugation
~ z(G) *(e)

=g =z(G)
~G is milgotent
71 4G,0 -..Gr

=G, ofupper central series

G: G, 1 - 7,078
-- G

:
Git/: <G/G:central I by z, =z(G), Evz

=

z(G/z,).-.
mexhaustG

*1

(G1 =y = G =k/pk
(4) =p" =G=k/y)or (47444k

RoofSuppose Ginonabelian and take ge GIEIG)

The centralizer of9: Zalg): =(t =G1+g=gt}

I-Z(G) -Zals) impossibleI ge
9 E q"

IG1 =y
=>abelian or G/z(G) =4,744/,2,[G.G) =z(G)

orSuppose GECG):(i) is cyclic with a generator (
=gz(6)

Zolg) - 9 UZ(G) butthese generate
G, sozalg)=G, i.e. gez(G).

which means g=e, so Z1G1=G:abelian.

So iGinonabelian - GECG) =4*4/.:abelianI z(GIc [G,G] E(e)
A

pelements I has to be wal
eq

S2010

lE(G)1 =p. Take any geE(G)
-> ZIG) FZag) IGmlEag11=p2,

conyclass of9
has IG/Azalgi) => elements

->class formula p =H+-.. +1
+p+-.. +P

~> pp-1 intotal.-n
9 pa-1



FCol3
Three abolian cases:Ely, 4*4y, 4/4e*4
-

from(4*4/y)14 (Keith Courad, groups of orderp")

=I 2

·fig =2
8

or &=4tz: jith)

4/14/

F2014

I I
GG/z(G) =4/p*4p i Ginonabelian ② 4p -x ep- 1

=Mp4"namelN

aim IgeGIECG) has order 4 I (a,0) all equivalent
"IfG has no elementoforder ps, so otherwise kg-G1216)

has order.
e.g. 1+4e(/p"has

order p

(g) =4p2 has porder p
element, so E(G)

=(gi) < 797 ↑

no /*4/2 macts by multiplication by
(1+ph) =H+mp

(g) =(h) i (g)/z)6) =(h)/z(0), i.e. 5g7
=(i) in #pep,

↳ multiplication on 4p2 A* is (h.,millen, mal
and otherwise (9) (h)=2(8). =g =E in (Ip) H =(a,+(1+mp)h,m,ma)
i.e. G decomposes G into(90"a).zial"

" z4a,94) for representatives/
(h,m1

Now since (gi=z16) =26,63, 909,90'g=glP forsome.Sied/ey =((1+42) =Matz(/p1]
i.e. Adgo:G-sG sends g, to 9,k4*. - 0 order p elementin GLzlEp) has min. poly

thatdivides xP-1

gez(6) So Adg-Adg)"mustbe trivial, but -X
P

and notdiagonalizable (IE, has no
order pelementI

3

Itto

<90) (g.) .... (9)

1I i.e. 4pc (/p*4/p7 by

=(x -1)P

(Adgo)" (91) =g,(kp+1)"=g,PEg, contradiction.
-> minpoly-(X-1",Jordan formes conjugate

to10i)
Take such g and conside a projection 6-GAGE***.This action.
So GEHAYp when His either OMpep or Q42 inmultiby (i) (?) = (**)

4p -> Ant(H) =GL-lEp) or (/p2Y (4*4(14

nontrivial, i.e. Ile order pelement
4p(p-"1 =4/p*44p-1 K2),m) (I), nis=(i,+mb), m+wi)

->E))) -Mate
F2019
S2015

G k

A.Only thetrivial one (t(
of Enough toshow:FV: GIG)-mod, I nonzero G- fixed point

Take anyUeVIOs,
ConsideWcV:#pIG]-sulmod generated by 2

W:fin. dim. Vector P/#, P/IWIcs.
GrW orbit decoup 1+...+ 1+)pK's fork21)

en

n fixed pts meln*(oisfixed) ->HIP.



Group Theory random problems
F2010
-

heH =2.( =e=H
"cHagentsgetre

S20l
,H1929, 19.9.2 EHE>19.9,779.99EH:true.
-

X =(sixface - three colors])
- |x) =3°

fatide XaErcolCslIXY Fectthesulgrpofsoit
so enough tocheck whenX is G/A.
191=IX)i7 gEH, 0 otherwise. which preserves the

cube = S4.
↑

permutation ofdiagonals

I
The desired # =1X/G |(H))

So

These are 80's s.t.

X,X2 +x,Xx=xxx1Xa(21+Xr31Xw(4)

4 choice for 8(1), then1(2) determined,isite I 1 choicesforwis 0141

-****is



✓ F2oo4

92011

cg?.fi#vciHzH-YUsea9H5l--IH....isH5lE1tE.....Hstil - s )
IH I

*g ,

e c- SHS "
= y + k.qayg.in - y ) = I - k + (Gym -4Gt .

equality holds only when k- m - I ,
(b) B =/ ( to ¥ ) / C Glide ) (see 52008 ,

Bohlen ' lb' )

52009
-

(a) FETT IT ight the composition is surjective by HK = G ,
so

GIH I klke. y is solvable .
Since H . GIH '

a solvable , so is G
.

(b) G =Aj
,
H = ((12345 ))

,
K = A4 on l l , 2.3.43

solvable

→ t SEE
,
the H h

-'

get = 5 → h
' '

g e k , so G =
Htt
t not solvable

F-2003

52005 Son ?

F-2009



F-2016

Szf- Aut(S3 )¥ Sgc, a cask3173 = 53
- f : conjugate action ,

injective because kerf
= 2-(Ss) = let

' th E Aut(S3 ) → gk ) : permutation on order 2 elements , g : injective because

(12%23) generates Ss
.



G finite

Repheseutationfhe.org#presentation of Gq
=LIG ] - module = E.→ Guv)

Marschke's thin when IG l E k× ,
W c V G- repn 's

⇒ VE wot Vw as G- repens.
- -

(e) any fin dim rep
n = ④ irrep ⇐ LEG] semisimple )

Schuitema . if V
,

f- V
,
between irrep is not isomorphic , then it's o .

• If k -

- alg closed , V : fin dim irrep → Ends (V ) e k

(V f-V only scalar multiplication
)

characters
-

G e- Glad to # of
c.isIq

)

-
Xp ( or Xv )

properties . Xp is a
class function ( i.e . Iconj classes}- e l = : CCG) )

a Xp ( 1) = dim p
and I X

,
I e : irrep 3 forms

an ONB

• Xv①w = Xu
t Xw

of CCG) w .
ret . the inner prod

:*::S::*:*! . :i÷÷÷÷÷¥Y÷÷÷÷.. ... .
. Xsymzv (s) - d- (XvGl't Xu44) . x.irr.ch .

E (X . X )
- I

• Xu* = XT . X
'

: character → irr
. factorX appears (X

'

, X) times.

( XHomlv.ws
- XT Xw )

dimVE' = ¥, EggXvcg)
>→ dim Home.lv ,wk Fee

.

Xicglxwcg)

if v.w .

I = (Xv
.

Xw)
- p =p ,

"
'

to - - - tops
"
irred decampirrepfEYIwbys.hu#yc=shi=LXe

, Xp?-

• pcgl finite order
⇒ diagonalizeble - (

d '
.

n
) with di

: roots of
k-- a unity

→ peg) = id
⇐ Xp(g) = dim P ( p : faithful⇒Cgt I ⇒ Xcg)# Xlii) )

K:any . I- din'd character
= 1-dial repn = 1-did sepn

of Gah

f, - fi = irrep of Gab
→

tgab - -
-

C in particular # of y- din'd characters = I Gab l )

algid.

. dim of irrep divides G§"" (or even stronger ,

dint of irrep divides (GIN / for N :abelian normal ))



perm
(n-11-dim (Sncr DY-Hrir)

L x(5) =#(fixed its of1)
- 1

Note:
Gredchula is again

irred

composition
Se -Sy/klin4-gp=S, d,GLalK)
·- 4

symmetry of
2.**symmetry of aintAs<S0(3)rotation group of

an icosahedron 120°

Sistere

52008

(n-1)! 7
= =j

X-(r) = (# of fixed ats ofr) =
((-!.7

its

V =Kle,+... +e) * Sta
Atriv

= B
⑭it's enoughto show that (X.X. 2.

TheattentiTo prove
I have only 2 irreducible components,



(520147 -
(fuk )

' XP . 49 I- Ilo f - if I

Ctriv. Xp .④pal , (Sgu , Xp . pal ,etc .

(F2015)

(F2011 )

(F 2014)

8 Cannot be written as

(S Zoo 6 , f- zoo 3 )
(at most 1) t (sum of 3's )

(S 2003
,
Fzoo 7 )

(52004)

S2018

S 2007

(=3 Is there a faithful 2-dine cpxrepu of Sa ?

No . because Xtriu (4211347 ) = din Chiu, and all 2-dint repns are

Xsgn (4211347 ) = dm csgn ,
sum of these .

so t p : z-dim

P Cd2) (341 )
= id .

Xstd
,¢
(4211347 ) = din (stds 04 )

in particular p not faithful
.

La

S2010

G = [G. G] ca Gd' = he) ⇐ only trivial 7-dime repn .

K? = I mod 4 wheels.but it's impossible * ha- "I I
" = "

(qq.goq.at#gIIthIs:IIiiI- 's)



§
.

- clonk ta because if not take a Sylow p- suh
f-2017 Pcs G must be

↳ Ice,
trivial

P
by F2009.problen.CI

For any g. EZ ,
V V commutes with all pcg ) g

'

EG

i.e
.
LIG] - homomorphism .

If f : alg .

closed
, by Schur's lemma peg) Ek

"
( scalar matrix )

so we have aninjection Z - fi .

Now note that any finite subgroup
of fi is cyclic

(because # of element of ordered
Ekd))

⇒ Z: cyclic

If his hot Ig .
I

,
consider Gsb Gluck ) Cs Gluth) .

P qtr = QQ -
- - ⑦Tm Ker of o; 's are the same

.
N Ker on. = Ker p moi are faithful.

or in
La

⇐aethlsd Galois conjugates GI.GL?cti)

52005
Same .

1=2010
ZCGKEG ,G) Egp ,

Gheen-- Gabe24×24 no P2 f-did irrep

(a)
using the fact that

dimV ICHI for V inred
,

I
'
t - - - e- l 't dit - - - + dpt, is satisfied only when d , =p . { P

'
itreps of dimI

- - p-i irreps of din p
f e - I

(b) G→ Gab- ex is not injective .
so dim ? irreps are not faithful .

Let G t. Glp (e) is irrep .
If p is not injective, it factors through

the 9hotiehtgterp/ but since IGlkerp I = t.p.pl , Gharp is abelian
,
so it splits into

So p-dime irreps are faithful .
④I-din)

.

Contradiction
.



52011

Let Ej = if - . ) EMulk ) . Then IE;Iis a basis of Muck) .

For any l? E Gluck) , PEij= ,
PriEti

.

(Pij ) (↳ only coef . of Ej f- fan.) counts
in trace .

)

So the trace of 1M¥ uptalk )) is pin.
- n -

trip) .

Therefore XLI) (g) = f.fuk)
-Mulk)) -- h . talk kn) - n . X 197

.

ftp.t)

82015

F" i÷÷÷ti÷÷:S>
In general

dim-- h

G F GLO p .
it : irrep

GXH ⇒ popr . ,
to pre irrep

dim - m

*Has GKW ) → p it : = (popr. ) ④Cxoprd
external

G.H finite
.

(finding tensor prod .

Pep If k algol . hirrepof-GXHI-lpaxxle.it : inept i.e
.

Gav , H now

④ Te , p irrep e) P Tl irrep ( → G×H no vxow )
(⇐) of a or p reducible . then f I reducible by the distributivity of ④ and ④

⇐) Note that Homer, (V , Res
"
V④w ) - House (V . V0+9://etbmheadv.ms?E...ufina~- W

t/ :÷:÷÷÷÷÷÷÷÷i÷:÷÷ it:*:±÷÷:c:
So WE W or W

'
= O . Now since Vox W

'
→ U

A
#

repois of this form
: again Res:"o=p9'⑦ -

- op:
"

sa! ftp.t.ba?Ii...7Y?-h7.Y:sf?oIeY?s..ia.
€-1 and H acts on PQ

'

by each block matrix isa scalar .
"

i.e . H→ Gla.lk ) EA



Ind
Iredrepr aioli

IndEV 1-dimese1

0(r)oV (dimV). (G:H)H <Gi Modait) es, Modhias GIG)V = Tax I dine repa I[t] A ko

afterofinduced repu:Xindrls)-irrlrigal E

⑰fgTUJFIS], theitdoesn'tappear inthetrace. V

I ifg[r) =[r](*gresH
=rgo=het), then glW,) =(oh=wahr, so thetrace ofthe

block 9:(r]aV--(r)eV is Xr(h) =XrI0g 8).

S2009 =4/2 +4/2

119P1 =1111=4

↓ :H-ex Ind?4:6-din'repr. [g3U=[ISV
TH -o1

Ig]=GYH using
thecharacter

(12) -> 1 ori) write X for its character

I
table,

I (34) -3 -1
-X: G -CY Ind4

(2)(34) + -1

VG CIH]-wod (1-din/)
x(1G) =6 =Stesqueste

-(12)- (12)Y(w(0)
=x(12) +x(34) =0

= (5'(l 0"(21)

x (<123)) =0 (no (AJEGA satisfies 5(13)WCH)-I.H x=o

x(x12)(34) =xxxx(0(1)(3475)
=2x((127(341) =-2

8C213478tH 8(127B45=(12)(34)WeHor (137(24)H

FinsReciprocity Home(IndeV,W) =HompCV, ResW) (extension ofscalars(

dimat(XIndr,XwG = (Xr, XReswYH
S2017

Let P:Trrep ofG/K,
dim=d

=

-> ResP
=H,G... *td as repr of HCH ablian-> irrep

are
7-diml)

>Xp, XIndt7c,(XResp, X1,7= 1

So p is an irred factor ofInde,,, thus dimp:dim
Indit=(6:H)



52008

Ds and I (Isa
'
're 742×742=6! + Eid.nu irrep )

520/2 char is determined

by row orthogonality.

(al [a ,@1=4113 → Qal' - Okey = 742×742 → 7-dim repnresentations
I 1 - Lo i

O )
on It, ah x % G

"

er
. c- Cl . O )

Xo-- trio : Yo.
.

Y,
'

I '
t j - (o .

I )
Ik 1- ( I , I ) Xi : ( I . o ) s- I

( O . I ) i-
-2

(b) @n_ftliIi.ej.Ih3cslHxclH-lR2QlRitORjotlRkxzici.o ) i- - i

n- multiplication Lo . I ) i- I

www.id#5GLallR) from the left.nl/3iffiotT-gpIansyy#Nothspace is invariant because for any x c- It

x. ix. ix. k" are orthogonal to each other and in particular
(c) Consider IH as 2- dimensional Q- vector space Q1 ①Gj , then

this is irreducible (by the same reasoning

Now we
have four 7- dim irrep ,

one 2-dim irrep , and 12+12+12+1422=8, computing the character
)

so these are all the naps of a

_i et' il -- f In. )
trio z r I 1 7

(or by column orthogonality )(Hi" is

et." -

- f:
1=2004

More generally f)4h = (T .
T I g2h=T2= I

,
JT = TO

' ' > t2
- Cn- belt nth

-4h

check : (ht 3) conj classes 113
, IT

't 'd } for jet , - . , n- I , foul , foie ( j:even} , foie lj : odd}



Den- Din =k/2x42
N

EDen, Den] =/82/i =0, --,n- 13

"""nasal sit
are

5 1 1, 07

Th 70 ·1

↳ four 7-dia repr 00

11-1=1+di- ... -d=
4n 1i =m-1

->di=2 ti
-

H= by explicit calculation
Conside the subgroup (t) = Yzu <X4=,x4:) =1

characters H Ha Y (i=1, - . ., m- 1) G/H =41,53 ↑N Zum

- in Dan:e ge

Let 4:=Indt:ne xy,(5%) =4(51 +4: (t1"t) =3 +3,X0it) =0

F2000

G=A4n+2 =(2. +15*=T=1, 5T ==5)

longclass (1),
(r=5) j = 1,-.,2,(05t15:0...) see

[G,G] =(t) we
Gab =4/2

4:Ind4:, d::(r) -> Y 2-din irreps (one) are for(iii)
i -(6)I Jan+1 Same= ↑one can do the same andtechnique for /p1 *In andIthis is harder todo explicitly

conjugacy class ofdihedral groups are easily seen geometrically:

-

83 Do

E

: .saie}
sidh Sid



semisimplealge.br# A (noncommutative, ring (with 27

hourZero
,

a M : (left ) A- mod is simple no nontrivial proper submod ✓
Zorn

semisimple ⇐ ME ④Mn
,

Mi simple ⇐ FNC M F P M- NOP
• A is simple⇐ nonzero

,
no nontrivial propertwo-sided Impossibly infinite → Semisimple modules are

(left) semisimple⇐ Semisimple as left A-mod (⇐, minimal left ideals)
( closed -der sub 19ootieuts )

⇒fate.tt/ right
) (or right ) ⇒ ttmod is completely reduciblemodule is semisimple Art,n-Wedderburn

⇐ texact sequence of A-
mods splits ⇐ R= Mata

,

Ha)x - -- x Montufar)
where I

, ,
--

,Dr division rings
⇐ ta-mod is projective⇐ TA-mod is injective r.nn-j.cn?ofeiyDEeI?::ndbgRI€2019 up to ordering

Wedderburn decomposition
GIG] = Matic) x Matic) xMattel all two -sided ideals are sum of these , so

11

(as left and Itv Ign (End@(Std) esfdzff.am i.rep)
there are 23--8 of those .

1=2009
1=2001
-

← Schur's lemma Ld : roots of unity
→ 1×611=1truth f-h .

← finite subgroup of IT is cyclic
(c) CT Is GL(V) p extends to e f- algebra

how f and , if (V , p ) is
irreducible

f f (ice . EEG) - End(v) exhibits
Vas a simple EEG] -notte

)
,
then

REG) F-End(VI f is a projection onto is
Wedderburn component, in particular surjective .

Q

Therefore dim(ECGkerf ) = h
'

.

Now it suffices to see that representatives of
coset GK

①

generate RIG]/kerf , in fact , if g = g
'
C
,
then f = FCS

'

) - de where do C- Ex (by Cal ) .

④

52017

R : left semisimple ⇒ R : semisimple left R- module ,
so R ⇐ ¥, Li for Li : simple left ideals .
I r. Te; I only finitely many e- toSo let R =L , to - - - ⑦ Ln

. We needto prove that its length is Anita. ( ⇒ ① : finite sum )
Consider O E L, E L, La E - - - f Lito- - ④ Ln-i E R .

we prove that it is a composition series .

If any other left ideal M
satisfies Liao --- ⑦Le C M CLA

- - ⑦Lee i
,
then taking the quotient

module

O c Mk
.
@ -- ⑦Le c Lexi , so by simplicity of ↳I , M must be eitherLito- - ④↳or Lito--④Lktl .



S 2005

F X E L sit . Lx F O
,
since Lx is a nonzero submodule of L , we have Lx=L .

→ F e E L set . ex - X
,
so (e

'
- e) K-- O

.

Now Ann!744 Y E L l yx - O } E L is a

left submodule , so Annabel = O , and thus e is a nonzero idempotent .

Since Re is a nonzero left submodule of L , Re =L
.

52016
F2006
f-2008

VE EEE
,
where E : simple A-mod . Note that by Schur's lemma . Endut't) E Q

Therefore Enda(V ) E Matic ) . Its invertible elements are Autalv
) EGLIQ)

.

S 2010

By Artin- Wedderburn's theorem ,

semi - simple rings are of the form

A-= Math
.

(h.) x -
-- x Mathe(ke) ,

where Li 's are division rings . If he is

infinite , then A is infinite as well , so we have ki
: finite division rings . ice .

L
;
⇐ Fg

.

.
.

Now we need to classify Ichi ,fill such that q ,

"? Giri. - - - - Gene!512 .

with at least one n ; - I (since A
: Wacowar .)

(Gi : power ofa prime ) Comm . semisimple
ring with 32

We may assume
n
,
22

.
If N ,

=3 . then AIMatz(Fs) elements
.

f.o , ,

't 't
.
then #"'''"⇒

'

"" " ""at'i¥"" "⇒"" " """"

I ,¥!!÷÷÷÷¥÷¥÷¥
By Autin-Wedderburn theorem AE Mu,(e)x

- - - x Mudd ) . Since A-module is a product of

modules over Maile) , we may assume
A is simple = Mule) .

Inthis case there is only one simple A-module , namely M-a://Y.LI/x..-.xuc-a} , up to isomorphism .

It has only two suhmods (o and itself 1 , and conversely
' M④M=/ (%! ) / Xi ,- E e ) has infinitely many

Suhmodnhs A . /! ! ) (tied ) isomorphicto M .



f.g . modules AID , triangulartalion ,diagonal-zation ,
Jordan can .fora

,

etc
.

Structure theorem of f. g .

modules IIedekind domain A

M = a ⑦ AE ④ A/b
,

to -
- - ⑦ Albs

,

- b
,
c - - - Cbs EA elementary

divisors
• t E Zz o rank

• El : fractional ideal , uniquely determinedµ±¥I¥II¥. . . - ④ Aa. . I:*: Ee : :#am
Fa

( bs lbs- l l - - - lb ,
e A)

QI ① 21h not PID

(a) M: finite module over 21h
⇐ finite module over 2 ,

u2 act on M by 0 ( ice .
u2 c Ann

,
M )

By the structure than
ME 74in

,

④ Hm
,
Ot - -- ④Mma

,

k mid - - - Imi
,

auwihilatedbynesm.IT
(b) h=p → in ,

=
- . . = me =p .

free ZG - mod of rank h .

QI k - module V with VIV ⇒ kg ,
a] - module

PED KTX]Kfc×,) fcx) :minimal polynomial ofa
.

V is a kfxt] -module with Anya,,V = Cfcxi )

Structure than → V = KEXKg.cnlot - - - Q Kegan) , doggy> o , gidxl I - - - I g.Cx )

- Now Anu V = (GH))
,
i.e

. (g.(x)) = (fan ) (may
assume

both are

monic → f- = g,
a characteristic polynomial = g.G)guy - - - gµ) (④ detlA.ee - -- ① Ak) - detail - - -detail )

So char
. poly = win . poly c⇒ k = I e> V is generated by one element

as an KED - module ex



F2017

14 1- cokf. [1:1) =1Cobfl =m. --- mp.
IIS

+(a=j)
IIS IIS

· In general. AtMcK) can be turned into
I" -> " ->4m,---4/m
P N Immo using row a column operations.
:1-9.jej

mil---1mp, m= e xxo

In our case
k=n Since 1 is of full rank,

SoldetAl=m, ... mx =[1:r].

S2001
min polydivides x"-x-product ofdistinctnear

No, ifchank=2, min poly can be b-11?

Feool minimal polynomial is f(x) = cm for thesmallestsuch me.

f(x) =0 =1=0

Cayley -Hamilton
x"

~J.tot

No. There are two kix)-word ofdingswith annihilator -
atention

2018 F
and kE/x*/2)

=k[x/x2- 1)

k[x/x2- 1)=[xxx-1) x25xx/,x+1) each oftheseare
sum ofcopies of~

No (notan integral domain ( ↑kixx-1),k44/x+1
fiM->M be theaction ofXuME Kerlf-1) @Kerlf+1)

i"aLa.G2) (a.+ an=++
Aitself: A=k[x]/(x-1)2

Theonlynontrivial ideal is (x-1)/(x-12.
S2003

VV diagonalizable EC minimal polynomialPof f
=T(X-xi) for xi distinct

P(f(x) =P(f))) =0 => min poly offlow divides P. satisfies the same.



52017

F zoo 6

Consider the Jordan canonical form F
'

MP = (¥¥⇒
It suffices to find Ki Su t . I = ki

'

,
because then N =P( K'

.

.
.

,q) p
' ' satisfies
N'= K

.

Now for 3.- = (
" '

Iii =DIt A
"
I

,
we can takeKi - d

'"El HAI ⇐X
O l use chark¥2

S2008 (a)

YELHS
⇐ too xyx'

'
E B

⇒use mysi'll ) ell:D
⇐Tx x

-' (Y) is an eigenvector
of y

⇐ The whole K2 is
the eigensp

⇐ any
matrix is of y

triangulate ⇐ y.. scalar
⇐yC-Z

2x 2matrix is tviangnlizable If F eigenvector .
This is not always the case for felfg because there exists airred poly of degree?
e.g. take any theFfl Fg , then Fg← Fee is a linear map of 2-din Fg- rect. sp .whose minimal polynomial is irreducible (⇒ no root )

52009

Let d be an eigenvalue of A ,
and V = Ker ( A - d'Ll CE .

V is B - invariant ,
since N E V ⇒ ABV = B Av -- B du = dBu ⇒ Bu EV .

Taking any eigenvector of
V IB we are done

-

F-2005

Thesame argument
⇒ A -

- IO KerCA - d'Ll
Teach eigerspace

is B - invariant . by S2oo3_ (previous page
)

(decompose into B - eigenspaces(or use induction & Szoo9.4 above )

S2015

The data of (V , Ai B) t Q- repn of 2h x 74in . Decompose into irreps , and irrepof abelian group
is I-dial

.

E- -

can be taken as circular reasoning . direct proof : -7

If not 1-did
, may assumeFgEG acts not by a

scalar
. Any eigensp of gEV is a proper G-invariant subsp (soV : not irred )



Exterior power ,
Tensor Algebra ,

traces
,
determinants

Fw 16 V

"
Let VxVtsVnv be the canonical map .
'

TEv EAS v × v t.vnv is alternating bilinear
f f -

→
which sends

✓ n v -
- Z!

'

An A : linear map making the diagram commute. ( u.nu, I- Ayn Ave)
(2) May extend the scalar to

B
.

Take a basis that triangulize A with Aei = die. .

-' CA nAl einej = di Aj (eine;) .
e. . -- i en so Tr#A) = %. did; = 's dit - Edt ) = I@AT- tray) .

52006
Similar

52016

✓ x - - - x V x W x -- x W cos I④W)x - - - x (Vtow)→ N (V ①W)
- a-
f- i s ul

i e -
(Ve i

- -

i Vi , Wi , - - , Wgi ) 1-Un-- nVinW, n - - - nwq- i

is!multilinear , and alternating in Vandxwftactors separately .

so thisnap factors through

(V n - -- n V)④ (Wn - - - n w ) Ifi

Then f: It oxfiiwl ,⇐..,qT n'(Vaw) is surjective
(because elements ofthgafma.ee?Ie--III4a--jhfi

and since din (¥o(inv )④ Eni w)) = of (
d
?
V ) . (dignity) = (

di dimw ) = dim ④w)
. f is an isomorphism .

52011

dimension! (KL) = (Y) tf Cn-2) (ht 37 - o , so this does not happen when n ? 3 .

✓ = (x) toW Therefore

Hiv Es Nav N'' ' v is exact .
→ Hv ⇐ 7¥ (Kw

)
"s

"s

= wrote.io#wi./.I:Ei.*.I.E*i.iEii.w



S 2010

(b) For any V ,
f- c- End(V) , Nwf : ndmvv → ndimvv

ate ¥6
h - k

deff .
For

any V
Is V din - n

nnm@o.w ) Isu
*

÷y⇐÷÷÷i÷÷÷÷÷÷÷÷÷÷÷÷::FAV) mxofnmw)④h→u
Snxsmcs Sum

k = NTV win#Tm WE
"

= h

detest
.

NTT of fXTM④Ms9" LITT#s )
"

.

oh = NYU WIE ox win = q

So dettos ) = @tTTCdetS)
"

.

Now det(T④T④T ) - Hett) "det(T④TT=&etTMldetTTKtT5l
"

+ defy)3h
'

II



Howproblems (linear algebra, etc. (

S2013

A:I+N, N
=

0 ne A =1+kN+(N-... + (.)Na-

AR =I+2kN+ (**)N ---(?) N-
If detPto, then i

IP-GLule), so

Ellen int
zna

inparticular soft combination ofA** 10sian), So AB=BA
Nowdysuccessively applyingelementary

colum operations we
see that

det P=detfie)inlsilk
to.

F2011 A- (8)

F2007 ·gettemptit
calculation

S2007 compact -discrete
I finite



F2008
F2007

S2003

too much prerequisite

more direct solution?
R:associal we cyclic bar construction...-R**M**-ROR-R-0 (free resolution of Ras a (R.RI-bimodule)

k xxy +xy-YX

( =x, x*y* 1xyz
- xxyzHomb,R1)
+2xxY

-Hochschild cohomology HH(R/) =H') Homp/R**, RIL

HH(R) =(derivation)/(inner derivation (

HH'(Mulkl) HH'(k)
=o

·Moritarianehihi-matrices:
leftMulk), rightanda

Miniinin.
bimodule

F2006

I justdo by hand.

S20/8

S2019
(i=6)



S2006 Ataninthe
- submod ofV are [e:liel) for some

Ic[1, --in)

52006 GLz(#p)=(call"s***) andini
#GLz(p) =(p2-1)(p2- p)
-

#SLzlp)=#(kerGLF") directly:ad- bc = 1

-1,(*-p1-p4p) =p-p).*
Sylow p-subgp: order p

lat)=(oi)+(a)
eH for alla

=) U
=

0, i.e. of theform (8-1)
order =p(p-1)

(p3- x(p3 - p7(p3
- p2) (i) there are p+1 Sylowsibp)

S2004 =7.6.4 =168

n= =#Sy)z(G1) men, 124, n=
=1 (mode)

simple ->U=F

~>n= =8 -#lorder elements)
=8.(7-1) =48

S2002
center= h=13 scalanmatrics (check lit)is
(intuitively:lim.trans, whose matrixrepresentation

isindep ofthe basis.

#PSLIFz)=#SLYrestorscan
eigenvector

52007

(a) a = 2/97 represented by a +x is
invertible ifgadla.p)=1 (by zualican algorithm)
· wilpotent (in particular a zero divisor (
if pla, in fact, a=0.

1/

(b) a**** D:diagonal, N:strictly uppertriangular
(1: N =0A:wilpotentID=0

=>If G:
:

0, then (i.ii-thcomponentofAl is a
0.

A:invertible -> detA=G..... AuntO (=>) obvious

(E) AeGhult) is upper triangular becauseI Arestricts toan automorphism ofthe subspace.
Un =[e,e,--,ex) (12kh), so does A".

A:zero divisor (G..--amn =0 (>1 otherwise it is invertible

(E) Ahas a contrivial Kernel,
take x=KerAKoh.

The A.(04)) = 0. How
abouttwo-sided Izero divisors?



Homological properties of rings & modules
,
Homalin .

N) : A -mod if A
A : ring ,

M , N : A- modules → MEON commutative
.

Uuiversalpropert ( i ) represents A
- bilinear maps Hom,dMo¥N ,

L) EHomaCM.Homafv.LI)

(⇐ left adjoint to Homa
)

(ii) M : A-mod .
B : A-alg → extensions FN:B-mod , Hon

,
(M B.N) e- How#CM .

N)

(iii) B ,
C : A-alg→ coproduct of A -algebras : A- B

,¥,
in the category of comm . rings .

(or pushout of rip ) t
- pg#c ⇐ Honey,fB,#HHOWAGAK 'D )

-*
( ⇐ Honey,

c. to) )
(it formally implies thefollowing : ⑦ Mox - preserves

all c.limits (direct sums & cokernels)-
tight exactness
N

,
→Na-2N ,

-so

② Honk .

- ) preserves
all limits (direct products & kernels ) Mox Mox "

④

E- - -

③Home ,↳ turns colimits into limits any o-om-jlpf.sn
-' o

Det ④M is flat if Mox - i. exact (⇐ preserves kernels ,
or injections ) of any

.. . .

-
O→↳M,→MTO

② N is projective if Houthi .
- ) : exact (⇐ preserves

akernel . or surjection s )
#
splits

③ his injective if Houthiexact (⇐ turns Ker into coke or injection.se#?..s)
' N
- L : ing

'

F.it
.

-7 Properties . free⇒ pwj ⇐direct summand of free
- f f

r z ¥geypz+, *titis.IT#rdeed9=fYatfesdirectedcolimµ
-

→ L Yu' - of A -mod : of free

prog
flatness . injective't't . SCA multiplicative subset hazards tha)

enough to check → S
- '

MES
-' A ④ M ,

I M Z
s
-'
f) : exact (Ess

-' A .

- flat A-mod )

A&M
,
t -

. injective ⇒ divisible
tx EM tainouozefoad?

→ µ,→ Me,
→ us

for ICA ↳ '
ideal (*Ep cusezom,) f-years.t . ay-- x )

aim. iii. ii¥¥÷
: "÷÷÷2÷÷i÷E÷÷ ::

ing
' ⇒ fairy'

Suri in
surg ing ⇒ f, say

'

→
→ : exact

sur#
O→ M

.

→ the →Mz-so a. exact ⇒The following long exact seq
Tori(M .

- 1=0 tiso
⇐ M: flat

- Af ,-1 14 , N → Maxon -31430N
→ 0

i >o ⇒ N
: projectivelot c- i Exticiu .

- 7--0 t

Toro -- ④ To.nl →Tor!,N)→ToHM3
IN)

. Exfif- , L) - o Vigo
# N'- injective

{ actually canbe replacedM3NK-qoyltb.lv)
- . .

→ by n' =L

Ext.at .-I 0→ Homan .M. )→ How ,Md→HomlNsM3) -
- -
⇐*on

¥:*.in#........i..yi::i:::::::.::::i :¥÷:÷:
.

¥5443 .lv)
- - c-



S2012

(a) x = 1 -> Fuk -> 0
↓
eM (1.2(=e*, R**=*

M =M -> Ma4x - 0

*d
inin

since acommutes
with

(6) k/mx Fux - Mat 4/mR*4rk=4/at arbitrary coproduct.

(themap isgiven by I
In =24/m2 =d4/m2 d =gcd(n,m) car) or i (ra:)

&E R - 0 &4 =0
· If-DNR =d

&/1-eK-0 &2x42 =0 Carew 1 (rai)

which is injective (a:flot(

RR = d because theaction ofs on Re
butnotselective...)Iis invertible. &universal property oflocalization:is... (iduein-

+2k +0
↓ = Im M-STM isow if S already acts onM m/s1

fimils.

&El R - RYR- 0
by isomorphisms.

④ !
or directly:R**:&, so enoughto check

* -0 -R -0 -RR
=0

loid (1xid)x m =id.

&

F2006 explicitly.Gotood*Id

and 12=a*s=(.)*Ed
=q

(1)
T(M = TrIM). TwIM1=M.-.M-:T:(Ml@Ti(M) EsT:j(M)

↳
wing structure:T(M) *4IM) =T:IMIG (M) -> THIM)=T(M)

12) &/2&&/1 =0,so TrIM)
=0 Fn22.

So TIM =I *R/A.

13) Take a =E:.b =E:eT(M), where 9=, b: -> T: (M), am, but O.

Since ab =20x2:*bj, it suffices toprove
Tr(M) xTr(M) -Tu(M)TrIM)=Twin (M)-

is injective.

- This follows by e.g. choosinga basis (val ofM

tim) and observingof sends (a,--oVam,Vp.e..eVpaltiVa
-- Un

thebasis of TulMixTulM) to a partof the
basis

Va,... Vanth



52009

(a) True for any
M

. (e.g . by the universality t Q - wool⇐ S CA acts ihvertibly ou M)

(b)
0£14, = o ti , so RHS = 0 .

We have amap Zeis M induced by the quotient maps Z - Zhiz = M ; .

Since i is injective and @ is flat
, = ④ z - ① ④M is injective .

So LHS t O
.

52013

① is flat because - ④Q is a localization and therefore exact .

It is not projective , because it can
't be a submodule of a free 2-module ;

Tx e (x ; 7£ 2+021103 ,

of Kioto , then there is
no element y EZ set. (Holt 1) y = K ,

whereas is divisible
.

F-2008

-
n

f
E
IN ⇐

Tf
-

commutes Tff n -- m in A ,
ice

.
A is a Zha-mid - algebra .

"" t / Therefore Zhu -me is universal among such
A
, so by the universality

u 2→ A
th h

'
- m

" 2¥,Z E Zhu-ml Z .

F-2014

We have a exact sequence R¥'s
'
R → M-so

since LON and Houpt , N ) preserves
this exactness , we have

non - moan
- o

y
" ""

.!!
""*.' Ya

. . . .
.

O→Haydn , N ) - Homo,3sN)
-

Hom,§d?"
) ⑥Hx-1)① RANCHexit ) x - I and X't Xt I coprime .

-4
So Howp(MIN) = Kent E Ker (REM-itsREM-is ) I EM-i )

where he is the multiplication by W- t) . M N = Coke ← Cohl - " - 7 =QE×K×- i ,



F-2004
d-
(m . x ) → za) → Em .

(mix ) maximal
⇐2hm field ⇐ m : prime

N
S2002

(a) Since I is the kernel of ZEN - Ez ,
I is maximal maximal and RFL EIR

Q

X c- 0

So we need to construct a nontrivial (aidonsymwetuic) R - bilinear map 1×3
# Eh

.

Iet.ve 4 ((aota.at - - + aux
"

) (botbixt
- --
+ bank" ) ) = -90 . b

,
mod 2

in

'
in

22 22

It is obviously 2-bilinear
,
and since 6 (xfcxl.gov/=6CfG4i7cgGsD=0V-fCx1.gCx1EI , so"

:*::c:
"

it's ZEX) - bilinear
-

a by 0

Now extending this to
2×02 F- Ez ,

we see
that

4- ( 2 X - K 21 = 1 - O = 1 .
So 2×02-70×2 to in282 .

(b) Since 2(2×0×7=20×12 K) = K (2×02)=2×0×2
= 2Cx④2 )

Lg in z z
X (2 x ) = (2x)④K = 26C x ) = X ④2x = x(K ④ 2)

we see that I = (2.x ) c Anup ( 20×2 -K 2) ER
+ by Ca)Since I is a maximal ideal .

Anup(20k - a 2) = I
.

52018

Exit ' A)
← HondaAl c- Hahaha.A)• → z - z - Ka - o -

""'E'
'"

⇐ic.%ae.at- - c- EXIGUA) ←
IN "s

o free AKA

1=2002
o →z -7,2 →

→Torte.#ZGT'M-740×74 - o
ayes -

-o us

•→ Homey . He ) - Hola ,4,16Honkie )
""

Ext f
%

at = Me .%) - Ext 1271410
52018

P : finger.⇐ Fn Ff : R
"
- P

.

Then R
"

= Pa kerf because P :projective ,

so

pi- Rh- p- o is exact ex

' ft
f



E

I =: directlimit
=>A*I =UAxIx

# ** - preserve injections

↳byARi
a=0, so A*I -> AsRing.

check:0 -K-J-)- 0 exact

/, AQ Ac
after As- we still have rightparttact

AQ A* Ag

/ :exact candelareis S
by part

(b)

(a) flat => torsionfree is always true:

acR non-zerodir EC R-R is injective. IfM is flat,

MR => MORisinjective, i.e. Mis
torsion - free

M M

By thestructure them for-freefree -flat.

(b)
In general:free

-projective
->flat ->for free

2M=d NO
NO Yes.

Yes

PIA butnot I
I eingen I I No

I

! Yeshi,me?No
one

4 -
MOM--ROM EA is the multiplication

map HROM- AR
<R.

e

Mem -kIx,y)/x.y) is a nontrivial R-hom,
so

not evenbedekind

I R

incl.Did

and it is not a flot R-mod

fag- xoy -yext0

but ((xxy - yex) =xy-yx
=0, SoM: notinjective



F2000

EX]/fx7 - l ) ⇐ DEX#- l) to QIX#txt . . + I ) as R- modules , so

Xcx - l ) is projective .
But it is not free .

because dimaR
"

= 7h
(or as)

whereas dima Kike- if I .



Basic commutative algebra
52017g

• N p = JJ
D : obvious

p : prime
¥ : take any

f#To ,
then After , so FineAf

maximal
.

A EsAf .

Since icfi is invertible ,

i Cfl El in , so fEf i
- '
Gn ) : prime ideal

"

The projections A Afp induce A 4-ja4 whose kernel = n p
-
-TOE 0
A i. reduced

so A admits an embedding
A estAlpes Fractals )

.

F-2004
• X

"
= ym= o ⇒ Hey )"h= o

K o Jc E Rfge In = O

⇐ x
"
EM⇐Fm 2hm-- o

⇐ I = o

←MIRI
, too d) l? 81=1: : )

52014
52016

.

⇐he same proof as
"

finite alg ya field is a field ⇐ int doin
" )

A Iq Assoc
. alg ,

dimAccs
.

Take a C-Athol , then 11 , a. of , - - - 3 is not

linearly in deep . → FC
;
Eh

,

o

Ci Ai = O
.

We may assume h : minimum

Then Coto , because if co = o . (¥,
Cia
" ') - a -- O ,

and by assumption ¥,

Cia
"

,

which
contradicts the minimality of h .

→
Co
- '

(II
,
Cia
" ) is the two- sided inverse of a . ex

52009

I[w] Rso image is well- ordered (finitely many pts in
a bounded disk )

Take f E ZTWI to ThenFfETCH D=qpthlrk If
I ⇒ FGEZTWI. If- f- I s I

7L

This EE? IIe?a-use for any zee ,
the distal"I'to theset Zeus is e 453

.

,



f-2006

R is a localization of A : set S = la c- A la ER" }
.
then S is multiplicative .

so I ring honf. S
-' A→ R

.

is injective since both are subring of K
(used

A-

- UFD .
for A '-P2P,

:{ is surjective because if r= PIER , pif EA coprime This is equivalent to Cph 87=471
To prove

r C-Inf , it is enough to show PES , i.e . TER . This is true because from
this

Now we only need to
show S

-'

A (= R ) is a PII .
Fa

.
b EA Pat fb = I , so pl = At b.pt ER .

Note that Cin general ) any
ideal a c S

-'A is generated by Ili
-' tu)) for A= S

-'A
.

Since i is an inclusion
and a generates d-

"

Cal as an A -nod , EATa = Ca) Fae A in our
case

So a generates El as an
STA- module .

F-200 I
1 , X

(b) ring hones preserve units → 2-434×2,→

Conversely I I + ax is invertible
"

¥ ,-
of

the image of YY is in 2¥13

(H tax )KI- ax ) = I mod

"

x
'

(c) ideals of S c- ideals of ZEN containing (
XD

. Consider the 2 - suhwod Ina = In)
and 2x na - (ma)

.

Since x. (Ina) C 2x - a ,
m In . Conversely Im.n

= h2+ me2 + Get is an ideal for any mln .

(d) 5=25×4×2, f-ZE
i] fCxf=fCxy=o and ZEIT is seduced → fan

- O

so the only ring how
is ZIM ,

→ 2 - ZEIT .

picturear 4×2=4

Ssoo I #⇒" " )
(al Rft = ZEX.TT/cyxh-y

,

-
c - 4) =
#'4%4×2-4

,
y -4)
⇐ 74×744-ekxti )

(b) prime ideal of 2[X) : (o) , (fan ) for fired
F '→

¥

(f)
.
(p . fan)
[maximal



maximal

yama'sagen
A-mod Eideal sit.Tie

& NcM, M = aM+N => M =N (apply for aMM/=(aM+NY/N
c/)

When (A,hi) local, t:=Alm -MM:Mote:G-rect sp, findine.

&M-> M/mM=t"

-e!C.,--; generates
M.

E

(a) NfcM-xL-0 => NER-MEG-R+0
cok

f: suri <>L=0 Lk=0 =1fqk:N/mN-M/M: surj
Nakayama

(b)Take minimal number ofgenerators (C.,--ic ofM.
4Then R-M:say, and

since Miprojective
↳

: 0
we have a splitexact sequacyof theexact

by D
i t

IIS

(xk=R/n

dim M/Mby ,G ↳



F2010

Northeria
-M finyan; M*=0, so A =A/m2. Note thatA is artinian ifthelength ofAasanA-mod is

+H=M finite.

Consider Alt >MiC .... 3 M*>9 annihilated by 12 =>k
=A-rect. Sp

Mo M Mn- Mr

Since length,Mo=Ilength:/mit -lengthenit dim"mit
i=0 p

A:noeth. M:finger ideal=>12"/it=Mck:finding rectsp.

F2009 Noetherian =>MACA.RBCB
fru gen ideals

- Let b=A/= B/m

f: surjective B is generated by 13 as an
A-moduleBEREBB is a 1-director space /f

=) MAB EMTB is an ion ofB-module

MA - A ->Aix = b Itsuffices to show cokg =0, or by Nakayama, (okg(k =0.
If ↓ geidMB- B -BABE" Cokg)/=cob(MABBA-RBB/B) goid factors the

IIS canonical map Hx-1MB/B,

gf I ↓ I
MAB:=InkxGB-MAGin

the whichis subjective by assumption 2.

MB - B-> B/MB* G ↳goid:surj, i.e.Kotge=0
E



https://math.stackexchange.com/questions/99913/easy-way-
to-show-that-mathbbz-sqrt32-is-the-ring-of-integers-of-mat

grality

(1 (2)

(a) x=K integral =>-] f(T)=xTT] monic, f(x) =0
⑪(b) x= K integral =>TT]:finite R-algebra JA:finiteR-alg s.t.c =AcK

B
=>Ifaithful (TX)-module M which is fin.gen, as a

A-module Ex:integral

D:easy &Take A:2[x] &Take M=A

&The actionofionM defines 7: M-M. Then 5P(T) -> PIT] monics.t.P(f)
=0, i.e. PCCI--s

↑ ".

Take a subjection A"M.
Now Using freeness we can lift of

to I 3x.y =K integral
=>(tx,2) =xlc)TS): finte-algebra.fi" Apply Cale-Houilton to

see that

we can
take P tobe thecharacteristic

-xEy, xy:integral by thethird polynomial ofI
characterization ofintegrality

(c) In general,InormaldonetracticfinestBintanceoff.At
(x =x+y(3m(-x)

=By(-2x +x2
- By)) =0.

x.y =d so d:integral/> 2KEX, c- By
't4 (c1==,y =2,n.nex

21h- m
So thering of integen is III

(2) The answer is RTE], butit's noteasy.-

F2009
u II], same as above.

S2012 1-diml, noetherian, normal domain

↳Whate
I
· II55] is the integral closure of1 in ae(55), so it's normal.

becauseDedekind" - Northerian because 1I55) =x[X)/(x2+5), x[X] moetherian (by Hilbert
basis the

· Since any integral extension preserves thekill dim land dimk: 2), dink(55)=1.
Not an PED: =(2, 1+55) If t

=(a) for some at XT55], then7b.<-X(55) s.t. 2
=ab,(+55) =ac

So 4 =2.2 =abib =(ab,6 =(1+55)(1-55) =acc =laPl" (la12,1b), kc - ).

and we musthave la=10r2. The only possibility(up to units is a=1.This cannothappen



S 2005

O→ A→ A
'
→ AYA → o

o -s A
,
→ AG → (Atal Ap→ o

t '

exact , so (ATA ) Ap -- o es Ae =#le .

Therefore it suffices to prove
that He is the integral closure of Ap in K .

• Take € E A'p ,
X EA

'
.
S&P . Then Fai , - - ' an E A set . Xht A.X

"'t - . . c- an = 0

dividing by 5 ,

we get (F)
"

t (E)
""

t - -- t 1=0 ,

which is Ap-coff . monic .

So AI is contained in the integral closure of Ap .

• Conversely ,
take any integral element K E K over Ap

.

This means that I say , - a ,# E Ap set . X
"tax

- '

t
- - t# = 0

.

multiplying by Cs . - - Sn)
"

we get (s. . .. six54 a:(s.. .- Susan - -
- tan

'
- O

,
so we have

s
,
- - Suk E A'

,
and KE A'

p .

1=2013

Consider the minimal polynomial fan EZEX) of a .

Since all embedding of a info e is of worm 2 ,
ice .
all 2M¥, y→ G lands in

over Q it decoyposes as ( the unit circle )
fan = Tl CX - di ) d -- deg d ,

i . I flail = a )

Any polynomial of the form Idf(x- fi ) ,
lPil - I . the absolute value of the coefficient of Xk is

bounded by (f) , so there exists only finitely many
such polynomials .

Now considering fufu = It (x- din) ,

which again satisfies It? I
-
- I , we see f, -- fuk Ik ,

m

e.g . Consider

So NY = (Tat )
"

FJ C- Gaff ) ,

and because IN TN = id ,
Ak --ON T

"

) ( Fife . - - - )

=L !
- m
"

,
so L . is a root

of
unity .

F-2004 La↳
*hereThe proof forthe above problem works even if tail = I is replaced bykits I ,

we instead get a -o or L : root of unity .

Now set a= In
,

di
,
then lol Eth -241, I -- I .

so is its conjugates since a e (Eu ) 7h ,

conjugates of a are

Therefore we have 2 or 121=1 ,
in the latter case ftp.afsageruangefyot

the equality holds in
the triangle i neg . so di

- - -- =Dn
.

La



Ring theory random problems

52010

✓a, h ah -- o ⇒ ha = hahaha- O .

For any S ER we have
Sr
'
- sr.r-esr.ir?-sr4 ,

so Sr'll- r4=0

→ (t- r2) Stk O -
s Sr
'
= r's r?

Similarly we get r's r
'
-
- r's , so Sr

'
-
- r's ,

ice . , r
'
is central .

Now (rt r')
-
= r't 2r3tr4= art 2h

-
- 2.(r't r )

So (r't t) = (r't r73=242+42 e. central
.

and r --fer) - r
'

is central as well .
~ an

←Tantra

52006



*products over fields (everything is free -> no flatness problem

S2018

(This stepis unnecessary butfinite separable ext ->Simple, i.e. K=2()
=bix)/1f(x))

So k2 =h[x)/,f(x) =(ix)/cf(x))
72ck

min!goly ofd
f(x) =f,(x)fu(X) ---fu(x):irred factors in L.I
in

f:separable -> f: relatively prime

Similar
argumentus L/K Separable(

= Kliks

4 Galois > LoL = ((:K)

F2019

JE Conside the ringFL. This isnonzero because as K-modules

Fr 2 I =k = 2.

finh,- So EMCFEL:maximal ideal.

Then the followingdiagram commutes and fog are injective
K - F (because ring hom

I am between fields)
*

I=

Frod

=Xuif the
Since E: finite Galois, 7CtEs.t. E

=f(x) =k[x)/(f(x))
monicfin. Gall to finit where f:min poly of a. E istheminimal decomposition

field offo

So EGF =FIX)/(f(x)). We need toprove
thatI is irreducible

If f(x) =g(x)t(X) for g(x),2(X)
-FIx) (monic, dez=1),

in FIXS.

then since I contains
all theroots offin I, we

also have

g(x), f(x) eEIX), so g(X7,
f(x) -E[x] -FIx)

=GtX].

This contradicts tothe fact
thatis irred. In GIX). *



82008

in
U E F

x- II.en. ④ fi → I '¥EE sit . KEE F 's

leg
,

,pl ,
finite finite

Eth '
- finite separable ext
→ E

' I fixJaffa) fcx) separable polynomial
K

→ E'q
F
'

e FENG ) = IT FExyfn.am) : product of fields (
⇒ reduced)

CRT E- I

f - f, - -- fr coprime
irred factors

Sephorable EA,

52004

Cloke = RE + i,
a = Yacht) = Ycxtfikx-FEI,

a

f-2005

- G x G E Cl 0¥ Q C GEN 0¥ @(Y) so both Glu) are No
.

- ①Gc) Ecg ) - E Gc , y ) injective E- Ig hour
so

4

fanoxgan- Ansan if T.IT?iioxf:YyTH0fieo9;n?IiIes )
.

I 1

I:*
" 'sina.I.int

.

¥ox¥÷ita*sno
.

of those element that can be using x] § ⇐ atrip
Iffxlgily)

written in the form scatty . [fix, ④
"

gig,→ o

"

it has to be O -

→ it is a int doin but not a
field

leg , I- Xy has no inverse )

1=2003

Kluck) of S E IMacs
) in general , so Muck) Milk)⇐Mullum

CK) )
F
Mulk)

multiplication of matrices

can be computed by blocks



Irilityofpolynomials
f -> xIX) monic

Gauss' lenna:f:irred/b t fiirred/ (or
more generally/R:UFA and Sk =Frac(R)

eR(X)
Eisensteincriterion:f(x)=x"*tQuix+aP

PCRprime monic >P Proof:RIX) -> R/p(X): int dow

mod p reduction:If "f mody =#yIX) is irreducible, then I fix- yn*"grine ideal

f ( [T] is irred. gixax) -xxe it constantterm

(proof:KIT] -> F,[x] I ofg(x)h(X)Gp2
-:St I=gh, degf:degf.degg:degg, degt:degt

S2018

When y =2, 5p=-1 and 1-331m => 2In is obvious. Assume prodd.

C =1-7,() =1 - d =1=(1-x)",so(2) =c--pa(i(at..
+( =0.

7 +k- 1
This
istheminimal polynomial ofa

If d In inR, thenFr-Gall&(el/n),da1n.

by the Eisenstein's
criterionL

=>Prranl uballakslal =>plr.a
const termof the char poly
=hor

F2008

irreducible mod 5.

no linear factor, so possible factorization is
xP - x - z =(x+ax+b)(x -ax+(a2- dx- (a-2d))) tomatch coeff's ofx5...., x2.

but (a-bib-aa2-2b) =- 1. aba-E-i4s, 12.-17, 12.31
F2003

x" - 1 =(x5 +1)(x5 - 1) =(x - 1)(x+1)(x4-x+x2-x +1)(x4+x+x2+x +1)

W
irreducible wod2



S2004

take an irreducible factor ply) ofy+1
and letp =(p(31) <k2x.3)

↓

(p(y)) <f[y) prime

g,d(55 (92+1), yn+1) =gad(mgm,y
+1) ===y214P

by Eisensteincriterion (modpl f is irred.

There are cases thatmody reduction never works:

S2017

S2007

x =5 +5 =(X-55) =3 =3 6+1 =253 =C"+20+1 =12264-10+1 =0.

Itcan be factored intodegree 2 polynomial if52055 0056 exists. If (2)= -1,(5)=-1,4):+1

S2015 -
·x*12x+1 =2x2 =(x+1-12x)(x2

+1 +J2x)

. x4 +1 =xP- (-1) =(x2-Fi)(x+Fi) ↳so ifany ofET. Jn exists in Ha, x4+1 cambe
factored. Now H(+2)(-21=4 is a quod. residue.
So by thesame argumentas so is one of -1.12

F2010
=(X2z)(x2- 5)(x2- 10)

Fy by thesame argument



Galois theory (non- computational )

52009

Assume 3-field ext LIK les such that Galka) ⇐ 744ha

( IC ) we can embed L into Q , so fix one embedding and consider Las ashfieldoff .

Since Ek : 7=2 ,
K is fixed by an index 2 subgroup of Gall4cal .

L 1 so it has to correspond to 2744ha .

I / Since k d IR , we
have Ld IR as well , so the complex conjugation

k 2214%
defines an element

T E GalHa) of order 2 . 744ha has only one order 2

12 ,
element , namely 12h) , so Izu) -TE

Gal(4k)
, therefore TE 2744ha

= Gal (4k)
.

This is a contradiction , since
C-(Ta) t Ta ,

so k ¢ LT .

Q 7442

F-2000

Take G Cs Su (e.g .
halal , permutation defined by left multiplication )

Note that ok
, KCX . .

. - -

, Xn ) hel

g
µ

y
l Galois with ⇒hi ¥ Take the #"d"""" ¥

I then it is Galois
,

Si : elementary KG
.

- - - ish)
Su GalKhote G

syn poly of
Xi

,
--

l Xu



Finite fields rI2Gae¥#eI=E Kal

-

i

,

VP ,
th F ! field Epn with p

" elements
i

.

''Ii::*. ... . ":* .⇒. i.
"

y
Ep EpsFix II. w Eg -- fixed etsot Ed'i¥¥I¥I } My↳← Epn ⇐ kin

oFq/Eg Galois , Gal (Fgnhfg ) = (Frobg> = The
M -

off = 74cg-H2

1-20162×2
- X t l is irreducible in REX]

,
and HEE #E×%×z×+ ,) n, X'- Xxl splits in Fe

So if we fix FI
,

the two roots of a
'
- x t I are in Half.

.

X
'
- Xt l is irreducible C-FIX] ⇐ Fg ¢ Fan es 442

"

es ni odd .

HE
1=20152

Let h = #fftfg 1
,

ice .
the number of square element of L .

n = ly f
if 8

'
- even

so 2h > #L in both cases
.

8ft if q : odd .

Now since a
.
be L" , we have # last Ix c- L l = #te-by

' 19 EL )- n .

By pigeonhole principle , lax' ( x c- L l n Ic - by21 SEL 3 to ,
so aah by' = C has a solution

.

F-2013
- ←easy

.

field hour between finite field are bijective .

fix) . gun C- FEW rn, 4 (fgf I = + x EFCx) because

pl degfail) , ptdegglxhi



F-2017
-

(a) Let k I ffqn .

Since Foon = f x e ITI I 024×1 -- X l , &
"

- 2 is divided bythe min .poly feet .

Suppose deg f En - I . Then any K
EFg is the root of the polynomial faux) - X.

However , the degree of IlfXx )
- X is at most f

" '

,
which is impossible .

So fCTI =Th- 2 is the minimal polynomial of § .

(b) By Cal . Fqn is a faithful FgIxwe , , - module
where X acts on Fg by & .

Since Egfr] is a PID , by the structure
then of finger modules IPID faaunnidwb,yalfgfgctxtf.at,

its )

Foon = taken. i , ④FixYf ,µ,to
- - ⑦FG

em ,

fault - - - Ifixit Kh- D .

Since din
#gegen - n ,

dim
#gfglxycxu.it

- n
, we have Agn = HIGH - i ,⇐ Rilke) ) ④

(This proof works for all cyclic ext)

F- 2010

fcxkxh- I

(b) 4 diagonalizeable⇐ X
"
- I splits into distinct linear factors

inRix)

⇐ HI
'
= He- I has h elements of order dividing n tf n la

- I

# of elements of order d =L odd ) d l p- I
0 dtp- I520 l l

Reali Norm map of a field ext 4k is defined by x EL-' NICK (det of LgI.¥gas anka
-fine.)

K--

Ey , q =p
"

→ Galfeet 1=67 he :X tsx
"
. =

¥7
,µ*,
@x)
'""÷ Ek

1 lit separable
f= if
,

Nap (x ) = Teale
,

TX = x. XP - XP? - " '
XP
"" GIkkt.AItidy.to.ua#

p
= JC

P - I

Take 2 to be the primitive root of Eq (ie .
the generator of Ff )

then x'7¥ E Iff has order p - I , so it generates Ee? La



Note( linear independence of characters) distinct

T G : monoid Xi , -- ,Xu : G→ (L ,
× ) : monoid hour

(t L: field ) '

Then X . . - - , Xu : linearly indepth

Induction on h : in case X.Cal = 7 V

HITake hi, - - , duhco .
- - co ) . want to prove

IdiXi ¥0 .

If di - O for some i , then we
are done by induction hypothesis .

If IdiXi
-
- o (we may assume

du-- - t )
,
then Xu = diXi

.f.±¥÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷.. .. .. . .. . .. .......
T

O
by induction .

F-2008

Since his perfect .
Kth is separable , so Try to If Homerlk , til = to. . -

- ion} , Hei separable

Tricia: K→ k ,
nonzero k- linear→ surjective .

( the Trunk) = &Htt - -- + child to by linearofntgapeayfy.gg
Artin- Schreier ext
-

52014 ] *

82015
Fermat's little thin : E -- k

Let false) = K' - x- a
.

Note that t keep .
faut k I = (xx KP- CX+ KI - a E taCX)

Therefore fa is separable , and klot-klxthf.cm) is the minimal splitting field of fa .

x

(if faked = 0 ,
then fam 'FetCk-Ko-k ))

.
kco) : Galois

If O E K
. then [klol i k] = I and [ klol ik) =p otherwise .

5¥: Gal (KlOkc ) I 74Pa C Sp because Ots Ot k forces Ot its Ak
-i i

.

Now we prove* part : fix Gall414--87=242 .

If we can find O E L s.t . TCO) - Ot 1 . then r ( Oe- O ) = HOP- TCO ) = OP- I , so a
"
- O E K

and KLO) =L (because O & K ) is the splitting field of N- x
- a

.

To find such d. note that by the linear independence of characters . Lok
:L→ L l of KEE- 13 isn. indep .

So Te - I = CT- IT is the minimal polynomial
of o :L

-' L
.

% Jordan normal form went , a K -basis e, .
- - .

, Ep is

He c) = e .
-s e . E K, may assume e.

a 2

← (
" "
t
! ! ;) Her) = e. tea , so let D= e, and we are

done
.

O

=



Cyclotonic extensions
K (ful : splitting

field of X
"
- l Galois

,
if he k×

→FX : Gal (Kegalle)- ⇐/nzY injective in general ,
isom when K -- Q

because of the irreducibility
of

y
E

O l- i set . H5n1 -5! ( cyclotonic polynomials
)

7

Ifwe take Eiaprimitive nth root of unity , Klein)
-

-
KK)

52002

Let 2=5+5"
,
then 22=52+5-2+2

. By 1+5+5453+54=0 , we Lane Ita - 1=0

11
11

34 f3

Since the discriminant of X't X - l is 5 , we have (Fs)= (a) C K .

52008

Since

Gal (51/01)=(2/92)×4 II. I2.143 and the orbit of 5+5'

by the Galois action is 15+5
'

,
54535¥59

u 4

Est. E
"

c- n

The minimal polynomial of E t 5
"

is (x - @ + E-
'1) (X - (5454) (X - 154×5411 = X

'
- 3×+1 .

F- 2007

Gall Kiska)=(%zTE 2h22
1=2011

Gal (Kalla ) = 125=7%02
Gal ( Fpeoo (Ep) I 7%02



Inseparable field extensions

f(x) is separable - God (fill, fiil)= 1.

When fall: irreducible. All is inseparable if) f(x)
=0. Couloshtipeanaferistic

S2003 ↓
W

Irreducible f(x) = Ea.C" is inseparable it f(x) =[=a=x" =0 (=Fiy):or2i =0()7gekTx] f(x)=g(x).
K =Fylt) mx xo- t is irreducible (Eisenstein attheFits primel) and inseparable.
S2001

=alX-X,YY

E=F(t)/-) =F,(x-xis)
(a) kex,y3Fee.(So 1,1X,YY) isthesepanalaneS is purely inseparable/Fof

F2003 dog =4.

F2008

a) felt, uY =tl,v[X)/X -+e), felt,n) =folt,nil(Y)/y-wi).
↑ irred as above

[bH, n):fCt,uPl]. [felt,ui):flt,nY3 =p.P =p2

b) Take f(ti) <telt) and conside KG:=flt,n) (fHt4n+
+(-Hin [Kg P felt, un

We show thatiffig, thenkg*Kg <fult,u).

Suppose KG= kg for f=g. Then(int = KI, so t=f(Y)n+t)- f(+).neK).U=

is felt,u) =Kg. contradiction.



Galois group ofa polynomial min splitting field
↓ of f

f( k[X] ne Galois group of f over K (write G:Galp(f) today):=Gal(*/)-
normal,

- eGallExal permutes the roots (un,with
Since 8 (f(x) =f(acxil itfisep

-> Edois

U.,--, Ud generates Elk Sko?=k]
~Galk(f)< Sd.

g =N(X-4=) fixed by G
I [ rie/or)

If fiirredsep, thisis ↳ orbitdecomp ofGroln,-,ha)
=>factorization off in 1

transitive

(ed)IG) by theorbit-stabilizer ( k(u,,-;Y) 1

I I
chark+2, f:sep of degd =ktX],

-
( =0 =fiinseparable)

k(x) Gr Ad

↳"(x-xi)/=- X:=Ij(= -nj),b ==2.daminant
be i ! ↳

property of4: meA -K always ACT+aT+b) =7*)n"a+nb")
For EG<Sd AEK (i.e.G-invariant)

5.1 =(sgnot. G < Ad Is it d=3 irred. ThenGals(f)=(As it4 =t

Icharkt2 So ifWEG

If fiirred,with two nourcal roots r,,t ->Galalf)-transposition given bytheplycons of-

E-K
↳ itmoreover degf =7:prime, then Fordeelements

9-cycle
- -> generate So

Ihm(Dedekind) -

deg=d
f =kIX] monic, irreducible, p/A(f) (i.e. fody:sep),

-mody = fitz...fi in #pIX) withdi=degf: (d =d,+ --. +dx)

->IW-Galplf) sit, thecycle type of5-Cd., - ..,dx)
(Sal

· For random polynomials (large Galois group)
in find many elements, generate

AnorSu

fect (should be proved for each special
cases)

· U=2. transitive subgroup ofIn thatcontains a transposition
and ep-cycle for Ipc

·

a-cycle and a p-cyclefortpsis
Sr.

is an or Sn.

· For "organized"polynomials (Small Galois group
(

write down thesplitting field explicitly, break down into simple extensions and

compute thedegree, then write down an automorphism using generators, generate
thegroup.



52001

(at roots of fall in Q : 352
,
Tzu

,

w
' (w : an order 3 element c- Clt )

→ KIRKE
.
w )

(b ) K Since # Gaefklcs) =[K : ) and Gal 4401<53 ,
it suffices to see [kik) - 6 .

I \ now l : =3 and [①Cw) : = 2 both divides [k :&) , so itmust be 6 .

acu)

× %
S
, permutes his , w ,

Ew' } , and by lb) any perm .

(c) K I

T I can be realized as a field automorphism .

G¥¥y¥r¥ Am> am (23) : 352 → 52 , W - w
'
→ fixed subfield (82)

¥ (w ) X / Az (12) : TI to 2kW ,
T2wtf (⇐wow

') → fixed field w
' )

12 Sg
/ (137 : 352←two , fruits 2k ⇐ wt' w

'

)→ fixed field Kfw)

(d) None ( all three are conjugate of each other )

1=2001

(a) (53-15512=8+2155 → JIE k , JE. (53+55)=355+553 us 55,53 Ek, so K=Q(53,55).

(X
'
- 3)
'
- 5--0 ⇐> XZ - 3=155 EX -

-
ISTE = I (HFS)

. . .

?

(b) 10437551 thesplitting field is k 551

I
①(B) QUI) → by the translation theorem 742×742

.

\ %

"

sing:{!!,,¥,
Gaeta""'"at III.* - " "

'

⇒

550 53g JIN -FS
,

K
742×742 →

¥ 551

*
F-2013

:# roots Effi
.

splitting field HI, 521 - Galette 42×42 .



Fzolb

⇐(1) roots are IIIT
.

Let K= (Est
, IT) . then E -

- ESTJIT Ek
.

it

g.Gal, translation since X
'
- 4×2 - z is 2 -Eisenstein . so irreducible

. [① (ETI :D]=4 .

E- QUIT II, F.= ① (E) 1a is Galois of degree 2 . and EF -- K , EnF= .

F-
By translation

then [ki 't] - 2 , Galois , so IK : D)=8 . By 121 all subgroup of orders of Sy
"

2.Gal is Ds, so Gal (Kla IEDs.

(2) G is a Sylow 2- subgroup of Sa . By Sylow's theorem , they are all conjugate to each other,

so in particular isomorphic to Ig .

52008

roots are IIIT,
so K= (Fro

,
Fro) - QUITO ,

Fl )
. Bythesame argument as above

Now define J ! I test T : J¥i→ - 13+55 These how are well- def
Gal (1401=178

t¥%÷ " " "" "

**°""^%&*""*\f
-

D:
Eto

Ef Ex.'s]→ REX .ie)

m:i÷÷:÷!. . . .... .ee:÷÷⇐I÷I¥:i¥.t¥"

e k u

#\ ,
JIRO .FI ←IX.4

Go) God> Co2 > fro .fi) Only need to compute the fixed fields of
I / IT %

">

/ / \
normal subgroups (the ones with- )

To> co) Co2 ,⇒ T fixes IT
,
No

,
Flo (spans 4 dink)

un - un RIM Alto) Alto)

\ / f '
' T fixes 1¥ - f-tf) =-3 - fo

-Eff-Ier Is III.IYA \ I / → o fixes to .

Sym of rectangles zI€¥ .

⑥
To fixes IT ,

T fixes Flo ,

7- 742×742 = 742×742

S 2010

roots 152155
, splitting field ④(52,55 ) , Gal ⇐ 742×242

(A) Let Ai
,
Az

,
A, be the roots of a

'
- a - I

.

These are distinct because ( a
'
- a- I

,
3h - 1) = I
→

C- Q differential

we have x3tt2x-t3= (x -at Kx- azt) (x - asf ) Eh ii.e. the polynomial already splits th .

( because a
}
- a - i = o ⇒ (atp- t.cat) - t3 = o ) so Galla'-tic -t

' ) - te }
.
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(a ) ( X -1 5)
b
- 5 is Eisenstein at 5 , so irreducible .

(b) K -- BLEAK) CF?'¥fI
, goofs

→ Galka) --Diz
w'Ll w't we 1=0

www

T : Wh W
' (⇐ Gets )

. I :*, .rs#rsrEEss.ooEiiii::Eir....rs..arsx.a-I-ers-Ers--
⑤ fixes 55E¥EESE
ye fixes tT5=FGw" )

Diz T 03
e

k

ca ← §
€ normal

y l
-

y , sultry ⇐, / cars)

" * / air.⇒*yKo' l 11
digit't} so,

local

↳
¥s¥⇒

I
acts) QUIT I

Lidl yurt XD. .

Tai

52016

Irreducible : (X - 1)
b
- 101×-113+1 = Xb- 6×5+15×4-30×3+45×2 - 36×+12 : Eisenstein at 3 .

roots wizsfffoci-o.az) → splitting field k= (45+255, w )

( Ky
Ek: = 12

µ, q¥f)
I know Galois gp must

be Diz
,

so I only need to do the same

thing as before
. -

g: 3¥ff → w Eff or something
\ 6 like this

2. Got ⑥

fact : transitive subgroup Gas, of order 12

is either Aac
,

or R
.

i

5 G

Aa has no index 2 subgroup . so ifI .÷ : "

is:::÷;÷:::*
.

2.G£k=EnF



F2010 x8=2

F2015

primitive
throt
of1 -- 2n

↓

&195,37
1

K=R(F2,J) is thesplitting field ofX8-2. Since X8-2 is Eisenstein at 2, itis irreducible.

R.Gal [K:R] =16, so ifGallia) is dihedral,
itmustbe is.

↑ &Is
Now we defin

Check well-defi

5:E2 +3N2

als/8 F +F (3 +35)

2.Gall T:2212

1 x -F(=) ) r3")
-

==
=
=1

-88 = 1, =1, 5T
=+83 (generates distinct16 elements) -16 =(t,H+T=[5-1)

GallK/a) =(5,+188 = +=
1, 07 =T5Y Nowl8:l =84: To"has order 2

j2jt has order 8

-
-4825 has order 2 &Lord has order4

k TO25has older 4
8"has orders

& -25+1 has older 8 I id has order 1/ La K/aGalois -2016 has order 4 #5oforder 2014
24has order 2 elements don't

R /
=

k/a)52) Galois id has order 1
watch.

/ I Gal(R)#16.

&(5) &(Fi) a(s) It is fixed by 5 and IT,

↓I these already generate group oforder 8(=G quaternion group

R -Gal(k/R(52) =08.



S2019

1. G <A,r/1,2, 3,4.5) possible cycletype:id, (123), (12345),
(12)(34)

transitive->5/IG) by orbit stabilizerthe.
5elementoforder 5 =5cycle -G

May assume (12345) (G.(=> (13524), (14253), (15432) ->G)
x
=

· If Gcontains a 5-cycle y4(X), thenYY.Y Fid fixes 1, so Galso contains

an elementofcycle type (123) or (12)(34)
· If Gcontains a 3-cycle S=/S, S, Sc).

considing x"Sx
=((S,+k) (s,+k) (S,+k)), we may assume that (S,S2,5,3=(1.2.330091.3,4)
↑ because any triangle spanned by 3 verticesof

a regular pentagons,mod5 2
23. ( up to rotation,OcGo.o14

In the firstcase. (S,xSX") acts transitively on "s,2.3.4)
In thesecond case, IS, x's** - -

-. Thereforeks.x)I mustdivide 4, aswell as
3 and 5,

So (S,x) =A5.
· If G contains an order 2 elementt

=(ab)(<d)

again by
rotation we may assume (a.b. c,d3 =/1.2.3.43,

i.e.T =(121(34) or (13)
(24) or (14) (23). Since

(112)134)).X =(245)
(13)(24). x2=1345),

these generate As.

On the other hand, (14) (23) and (12345) generates 4.0.



2. f(x -2) =(X -
25 - 5(x2)+12 =x5- 10x

+40x-80x475x-20

is irreducibleby Eisenstein (4
=5) to

We need tocompute dif)=(r:-r;"
Note that

fix) =I(X- ri(x- r)(X
- r)(X-x) 1- 1)=I

I ~> firfirfirfimf(r=I(r_-r,) *difs.
I

f(x) =5(x* - 1)

f(x) =x(x4 - 1) - 4x +12 x4
- 1 =xx

- 12

So d(f) =55E((r? - 1) =554511 -). ttare theroots of
-3t= 12x5 - 5x4+1

5
=5545/1 - 3+3.) =20

->t,+ --. +t5 =

E

=546 tit--t5= -is

Since this isa perfectsquare, Galalflc As. xxx
0 for otherdegrees

11

Now consider themodel reduction f =x5- 2x
=x(x"+1)=x(x2- x - 1)(x

4
x - 1)

Blastseparable/aofmultypeisanattentia
If P(X) admits degreesfactors as in

theproblem, therecannot
be a 3-cycle

in theGalois group,
since theorbitof(123) acting on (r:+5; (icj-5)

are (HitWe,rtr,btr,Y, [ritry, ratta, Btre), fritts,
Gers,53try), [rx+553.

and elements inthesame orbitmust have
thesame minimal polynomial,

butthere isno way to
distribute b+3+ 3+1 into5

+5.

So itremains toprove P(x)
=(X-tritral) EX-r?) "ne

V
both in RIX].

· P(2x) =I,(X - ri)+(X-r,)) is a symmetric polynomial
in (x-ti).

·can compute fundamental symmetric polynomials
from f(x), f"(x),f"(x),f""(X).

we can be done inprinciple. I've heard of a wayto
do this more efficiently but Ican'tremember



F-2019 dlf ,
13×1231×589269/967359

fcxk

We prove thatQal@CfkSs.mod2_fCxt-X6xX4tX2tXtlirredncibleffCx7e.irredc.a) → Ff-cycle X EG
IX.Xxl ,Kel , X't Xt I

f-
'

(X ) = I → Separable ×3+ , ,×3+×+1 , XIX2+1,43*4×+1
does not divide f

mod fCx) = X (X5tX4-12×+1 )
: itted (" LIFE toffee form (x2+ax±c ) → F 5 - cycle YEG

a

{o.I 1)

mod5_ fcxl = X't2×5-1×4+2×3-2x't X
→ 72- cycle ZEE,

= X (Xxl ) (Xx2) (Xxx ) (X
't2)

(→ Separable )

we may assume that Y
-(12345) .

Replacing 2- by Xkzx
" if necessary , we may

also assume that Z does not involve 6
.

Then since any p - cycle and a 2-cycle generates S, if p : prime.

Cy , Z> = Ss acting on II. 2.3.4.53 .

Nowwe see God. Y , -2 ) = Sg because forany JESS ,
Fk Xk .J (61=6 ,

so Xk .Of iz) , ice . Of i Y ,Z )
. La

Fort
itredia (Eisenstein 12=51 ,

3 real roots

graph - -. . . 892+5#g → Ss

F-
-
- - .

- 8452+5

1=2004 3 - Eisenstein , 3 real roots

f-2006

Yes Any subgp of Sc, is solvable

No Gal = Ss (irredmod 3,3 real roots) I not solvable

52011

(a) 54
.

mode → X (X't X't l ) separable → 73-cycle 33- cycle + transitive
mod 3 → (X'tXt2)(442×+2) c- on, Faz) (34) type ⇒ at least 12 elements .

mod 5 → (xx 1)(Xt 4) (X'tXt t ) → 72-cycle contains a 2-cycle ⇒ hot Ax
,
so 5¥

(mod 13ns itred . 74 -cycle )



#2014

(a) Suppose T = (ab). JK s.1. 8K(a)= b, so relabeling ifnecessary wemay
assume t

=(12), 5 = (12--. n). Now &"+0
=(4+i) R+il) for i ->n- 2, so

any (I it 1) - <T,2), and these generate Sr.
(b) Bydrawingthegraph oftheseparatetheattainitsthreerealistscapital
· x5-5x14havea root I1 ere i
· x5-5x t0 have aroot0 ERh · x5 +x+1: irred t FcIx] (chuck!), sox-

5x" - a for a=-3,-1, 1.3 are irred.

· (X =2)5-5(XI2)=2 is 5-Eisenstein, so x5-5x=2 are irreducible.

separability:fa(y) =5x4-15x
2
=5x2)x2-3). By thegraph, fa for lal=4 cannot

have a roof155

Sotafi--3.-2.-1, 1.2.3 are theirreducibleflo)
=0 only for a=0, which

is alreadyeliminated.

withGalIfal=S5.

fa=0 is notsolvable by radicals for thesea's
because S5is not solvable (contains simple salgy Ast.

fix
F2009

separable &

2 x
+x+ 1 irreducible/#2 (=> f(x) irred /a).

Galp(f) have a 4-cycle in it.
as X4+2x+x =x(x+2x +1) --Gale(f)= 73-cycle. So Galalf) =S4

-

irred, separable ↑
So the order of Galalf has to divide 12 butitcannot be Ap because As doesn'tcontain a 4-cycle.
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(b) Let flxl = X's -4×-2 (Eisenstein at 2 , has 3 real roots ) and
k be the splitting

field .

KHJ) discriminant 256.1-415+3125 - f-214=2" . 13259
/ \

Since the only quadratic extension of a contained in k is (Ta) ( fixed field of As ) ,
QLD k

s s , Galois

we see 53 & K .
so DUT) n k = .

Now by translation theorem ,
Gall 1453110 ) = SaxSs .

This is the splitting field of (Xs - 4 x - 2) (X
'
- 3)

.

1=2015

Hs Ss, Ink
401

(b) we consider the splitting field K of Xs -4×-2 again . I!ggE¥÷÷¥÷÷÷÷÷!÷?÷Kkk.ws . Since ④Cw) tQUE) , Btw)4k£
- since Ss does not contain index 3 subgroup ,✓ \@czf1.akEwl.akEw44klQl52.w)

/ \
So (3D ,

w) n k = and by translation theorem

%fw¥w) Al Gal ( 1435 , w ) 1a) E Ssx Ss ,
which is the Galois group

.

\H S5
of (x' -z)GE- 4×-2)



Field theory random problems

520164
) Take x , y e R . ay =#t y )

'
-H - y

'
) E R .

Since KIF algebraic .
Fhinimal polynomial XI a.Xu

-'

t -- -tag
= O. So - tank"'t . .- tan..) -x=1
-

in

(2) F = FIX?Y
' ) c Spaniel . x.4) a KICKY ) -K . R

.

"
R

Ek: f) = 4 , dinner =3 , so R cannot be an intermediate field .

R is closed undertaking powers : Let a + bXtc's
ER

,
a

.
b. c EF

.

Then ca-ibx-icxr-E.li?i.elaicbxidHkeachtembdm8tf
,
!÷¥!¥!÷÷¥÷?

d '

so it suffices to prove 21 ( i.g.¢) if j .
K : odd

.

( a.g.e) can be divined (72¥ -Eet - LEI-Kiel ) times by 2
This is nonzero because LEI - LEI - LII -LEI 21¥

"

LEI- LEI f- I
jck odd , jtk even .

52013 of

X
,
? K
,
⇒ F 's E IR y

'
-
- K

,
-7⇒ Fy EIR fly ) '=fGc.) - face) ⇒ fix.) zfcxa )

.

Therefore f is monotonous . go
- R

qz ,
-

- I? monotonous extension = idk

1=2018

①HHk t : algebraic 1k , .kz because it is a root of CT'- t' ) e kite]
/ H-T- Lt't DE KIT]

.

Ki. HI ¥2
-t ) -- K. Consider 4.

,
42 C- Auto(K) defined by

\ / 6
, Lt ) = -t ,

4.Ct) = I - t
k' '" These satisfy 4,2 = ye = id ,

K, c Kut? It Kk .

I → K,
n ka C kN' ' 427

Now note that 4.o ya
'

- t hotel
.

For any rational
fan fete⑥HI , either fight ) or ¥z¥ exists

,

So 7- periodicity implies that f-HI is constant. so kink, = .

K I is transcendental
.

52006

feel "

Take a splitting field E of H - a .

I- a -- Ge-r, I -
- - Gc- rp in ECM

.

If f- is reducible 1h
,

then I - a = gcxihcx) ye may assume gcx) - (
I
- r, 7 - - CX -re ) keg

r-- r
,
- -
- ha Ek , ri -- a → rP=ak

,

Fe
.
Ke# Cp, → (re. a-

¥'

)
'
- a

. ②



Problems notincluded in the notes (for my time reason)
edit:I solved some.

dihedral oforder f

Letg(xieE(X] noncoust.
Let L=1K adjoined withall coeftsofg(x)
Exalg => L/*g, g(x-L2x)
(L(x)/g(x)):k] =degg. [L:K] < 0
m F/K:fin sepext. It FEK(y)/(f(y11.
charo simple ext thi

bation(2x9KSYYfEgx

Cpl<S6, degbext,transitive (

S2004



f(x+1) =(x+1) - pX - 1

=Y+4XP
-

1. . +(2)X2
->Eisenstein mode

Let3epGRprime.
R/pisa quotientof Rs) whichisindom.

R/3)=F3(X)/(x4-x)=Fz(x)/x(x - 1)3

istheteideal
mod((1,0), (0,x-1)) or

CRTY
mod (0.12

mod(1-x3,x-x") &
(x3-1, x,i) (x)

(x - 1)

~> p=(3,x -1) or 13, 73)

#2019

en

I This is a bad problem (hard)
I

at leastthis shows that "Dickson's theorem
itcan'tbe formal


