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"
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char p → char O

⑥ Frobenius
,
statement of the main them

⑤ Cartier isomorphism
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(⑨ Better formulation by gerbes )



④ Introduction : Hodge - to - de Khan degeneration

X : smooth proper scheme ( a field k

→ Shipp (algebraic) de Rham complex

→ HI,zCX1h ) := H
" (X : Rita) if h = a holomorphic

= Hncxanirxau ) =HYxah :o)
Filtration on River by stupid truncation GAIA ' l

( Fieirxia groin it nei ( u!%+mie¥÷÷÷;]
specotherwise
I N

tf
m, Hodge - to - de Rham SS Td GTHH = TP

Ei ' = Hill . rxia) ⇒ HI Xa ) HH P

In particular : Ei
'

: subquotient of Efi ,

8- Perf (X )

it E is the assoc.gr . of a filtration on Haapala)



When k = G Hodge decomposition : HI,(x) = HIX
,
Riis )

(& X projective ) (use analysis )
'h

i.e . Eid
'

= EE" & the filtration on Hyphae ) splits .

-

I we say Ss degrate at E , page (purely algegbrgisg.nl
Set his :=diyE" I , h

"

:= dinner Hip (Xia ) ( cos by Rina : coherent )

→ h
"

= dima EE 's
'

E dima Ei" = h"
'

so SS degen at E ,
es h

"

= Ih
" 't
'

n'Tj-h

cor2.tk : field of char O
.
X : sun . proper 1k ⇒ SS degen .

at Ei

Corsi k : perfect of char p-o , Xan : sin . proper , dim ¥, p .

If I I sit . Y T smooth
,
then SS degen at Ei .

U

Speck - specWalk)



Cor 2.4 ⇒ Cor 2.7
"

From char p so to char O
"

( sketch )
-

• K = lie
.

A y - A c- X
Ack L

fin .gen Z
- alg f ' ftp.Iper t

• X to spec K is of fin pies .
Speck- S -- Spee A c- Speak

→ it is a base change of 77C
#

Spec A = :S Ism -

Spec 2
X : Sm . proper ⇒ If→ Spec A can be taken

smooth proper

• Restricting to an open set Spec Ats-7 if necessary . we may assume

- Spec A → Spec 2 smooth ( A integral fin type +
"

generic smoothness " )

• R' f. Diag and Rhfires are locally free (stalk@ Spefmktigpfteee of )
• Take a bound d of dim of fibers of FC . N = Tl (prime ed )

• S : Jacobson (⇐ fin type 12 ) vs Spec AT 4N ] c S contains a
←

• LE Fpm , p - d closed pt Speck→ S



•

nip .
Speak - S Y → I→ A

thickening f
-
-
-

-

→

I smooth ma Sd:[ PIPP
"

J

f
s tf

specWalk) → Spec Z Sptch→ Specwith)→ Spec A

Apply Cor 2.4 → ¥=nh" '
'

( Ya) =L
"

( Ya)

. By (a generalization of ) flat base change
X. Is × Lg*Rf*F. IRfo*g*F. gis

fol ' tf f : noetherian integral ,4. g- s " '
it

thee a' off.ie#pe
+ Some

Ef h
"" (Yea ) = rkfpif.si/s)=hiilXlk )
h" (Yin ) = rkaCRhfx.si/s)=hYXlk )
-

i,¥nh"
'

(Xlk ) = h" (Xlk )
.



④ Frobenius

Absolutes : X scheme#
a
→ Fx : ( txt .

Ox ) T ( 1×1 , Ox )

Relat X f- S Afp
e id ou l Xl

.

× F- Fx,
{ . Ox id*Q=O×

'

x
'

- X
X- X

'

§ I ' A f f → o Fs '

- universally homeo

S# s
↳ St ⇒ Exes homeo

ells ①when X - spec Ostt . . - itd] = Ady
C-P Ojt . .- - , ta)- OSEI , -- it'd]054
qtr .

-ith
Tt:[t

Os- Os
C-M F induce radical residue field ext

②When f : e'tale : Fis also e'tale .

%Frison



③ When f : smooth : locally X ¥s Ady
of rel dim d f\ ty"

combine ① t ②

→ F : X→X
"

finiteflat
,{ FixOx : locally free of rank Pd / Ox.

② t rig : locally free IQ, of rank (di )
→ Eris : locally free of Pd . (di ) /O× .

④ Lift to mod P2
X . f : smooth ( resp . flat )

ft . i : thickening of order I
S - J O→ I→ Os → i'* Os-O .

I
'
- o

i



Def A fifpaoth lift of f to 5 is a smooth 5- scheme I with
a pullback diagram y

→ y
'flat '

f
' II
s - 5

Fact . 3- obstruction class wtf ) E Ext
'

( Rhys , f*I )- Ox

F 5 Is 5 ⇐ wcf ) = o
• tf : I → 511g

- isom
: Ext suits

,
f-*I ) - torso

• Aut (Itis ) = Hankins ,
f'T )

↳,

( More concisely : fspace of I F- 51 = Map ( 52¥ ,
f*I[23 ) )

(
RHom

If f : smooth , Dils : locally free ( ⇒Ext. Crick Iv .

- 7=0 )

→ locally I exists



④ Statement of the main theorem

Setting X
-

-

" ⇒ X ' - -- - → Y
'

smooth

gf
, que

"

flatSpect Ifp c- Spec74ps special Spe,
k SpeeWalk)

case

w a ftp.II.ve of X
'

over Elison fo? ect field

isom Hi E. Dias Ei ] Is F*Rx% in the derived catDN't
Tap

Cor2 k : perfect of char P , Xcp : smooth proper .
dim CP

If X admits a lift Irwin
,
then the SS

Ei '
'

= HI (X , Dixie ) ⇒ HI (Xia ) degenerates at E .



Cor2l⇒Cor
till.io#tiF*rxiae-iDn-tQH4xiE.rxia )by-

a. i 115 c- F* : homeo
→

Is

Cartier isom Digital ①HYX.sk)
( later ) !!

I degn part ① Hiralal
H'
'

Kiri.at dim - h
"

- x'Ex
Fishin ' t ⇒ Faison

HS tfs
i Ifdimxcp ,

then
④ HJ (X. Run) f. perfect HH (X. Ceohsheafi )

dim = I hit = o

iej=n rush
" -_F*nh% ④ice



④ Key tool : Cartier isomorphism
O
-

=
# 05*9

-'

ds

Fr Note Rpf's# Fxrxls
Setting X -

d Td /
↳ gt TY

as before s ,eOx7F*Oxn so
S Want " IF#

"

Think't !y= tori : for → Hi Farias homingAlga .
S.t.

To :O× . - -→Ho #rips
,

t
'

:D

,
s

→HER:b
U

[se
- '

ds ]F¥¥Q
,

Q' 8×5256 7

I HT / only additive
rig ads

' after E- ]

(b) T : isom if f : smooth IT I
(denoted by C

-' ) Ox 7- s



(important ) X = Spec Ep't]
't' # at
a

Fettle Feet ] c- Fit )example tg=qe! #
,

Ft
ff (coifs "

→ Y : Ox . Rigs → At # this H' Far:b up . .

=#
°

Emery .Felt]# t
a⇐

to
"

Fett ) At O

'Fi's

7¥
.at

④ctk.at/ptEDdIF5EICdFI↳ tftttldt )
⇐ Ctm

- 'dtkf.IN) !qdtt-tp-i.at "
°

H
'

'
→

to



④ Proof of the main theorem setting :

-→ → I

Cork a lift I
' of x' over 5 lisom

smooth

q;¢ isom Hi #Dias Ei ]→F*R:b spectra c- Speaks→ Y
'

in the derived Eat thx ' )
only prove

this ¥
,

zig - .

.

yi Yi
idiasidonnti)

It suffices to construct 6
"
sit . Hi (Yi ) = C

- t

( in the derived cat)

Step 1 enough to construct 4
'

-

(risen)£i * rims
locally free→ IS IS↳ ④ =④) @imsTEiyzw.q.oxwn.A # rxisloi

Ewan -④Wolisff I f. product
Sec

w.I.aw.rins-L.it
"

Erik



→ o Condition on 4
' :[y' w ] = C-

t
w

•Eli (win . - nwi )) = @
'

w
,]n - - nie ' wi) ( From now on

E " 4=6 ' )
C-

' (win . - - nw . ) = C-
'

w . n
- - - n [

'

wi

Step 2 Recall
- - → I Assume 3- liftoff

X I- Setting : ⇒ × ' - -- - → X

smooth → fl f y
' f

v e

s g- 5 construct( spat # c- spettiipi YE '

- rigs→ Eris

• multiplication by p : 52¥, Is prints ison of Ox - modules
T

F# : Shins → Firing over 262 ,
killed by PURE

← → pF¥rxT5 - Oz - mod structure factors through

FMS →Farfisa ( Q, -mod star
.

.
isomtomodp reduction



c-¥:# r¥, Ets Eres





EH.



(X .
O ) ringed space

K
.

E dyModo conc . in deg [oil ]
→ O - Hok

.

→ K
.

→ H' KI- I]-so
c- - -- -

I
s

decamp ⑦Hiko [ -i) → K
.

I =0.1

op
Define a presheaf of gronpoids G : OpenCX)- Gpd by

• ob (Glu ) ) = ( section S '
- H

'

K' I- I ] - Ko of the projection }

Iu
. For VCU• Homey, (s. . S4 =

{homotopy # KID } restriction

H'klu K' to Gcu )→ GCV )
For U- Ils) open cover of U . consider the sheaf condition :

914-⇐Gcu. )I edu.pl testbed )
holim
"
.
- Ies (Uig )



ly : prestack if GCU )
- Des (U ,G ) fully faithful( stack of flu ) - fescues ) equivalence (Effy! )

Fact . ly defined above is a prestack

-3 " stackif'cation
"

Sdk) (v ) : = hocolim DesCU . 9 )

re : cover of
U

• If Ko is locally free .
sclk ) is a gerbe

=

ice
. . it's

"

locally nonempty ,
connected

"

sheaf of
"

homotopy types
"

( with only Tl, to
:(
!


