
but Ithink it's the part
✓ cited the most often

(preliminary part of)

"

Serre -Tate local moduli
"

by Katz

§ I
"

general
"

Serre - Tate theorem :

deformation of abelian schemes

I
deformation of the associated p -divisible

groups
§ 2

"

Serre -Tate coordinates
"

of the

formal moduli of the deformations of
ordinary ahh

s
-

'

an varieties

¥
- §3 - 56 Coordinates interacts nicely with
t
or Kodaira- Spencer map ,
£ I Gauss -Maniu Conn

.

on Hdr(formal moduli )
,#

Euro crystal structure ( restated in many ways )



SSI
"

General
"

Serre - Tate theorem

R : Comm . ring

Ded G i cringe → Ab is an R-group_ if

it is an fppf - sheaf . i.e .

ft IR
- Rah fppfauer-fII.at?!4IIstfgt

G CR )→TIG(Ra)I, ITG (Ra Rp ) : exact

was abelian category
R- Grp = Shut:'(CRing:P )

Defy . G :R-gronpschg.tt FX e Schr

(C Ring,Es Ab→Set) = Househ( spec C-I , X )

• G '

- abelian sche if moreover_me/specR

X : smooth proper with geom . Conn
. fibers

• G : fuiteflat R - group if
X : locally free of finite tank IR

(⇐ finite flat lofp )



• f : p -divisible group IR if
-

GEph)
:
=
Ker
CE

G)

(Barsotti - Tate group )

4) G Ts G
: epi

(2) Colin GCPD FG ) Gn - GCPY|
(s ) G Eph) : finite flat

w

equivalently : f Gn
,
in : Gn→Guti tuEIN

( i )F h : Spec R→ Zzz locally const
"

height
"

| Gn : finite flat of rk poh ,
paIii ) O - Gu→ Em ,
→ Gut , i exact

Det Avar (Rl , BT CR ) c R - Gnp full subcat of
abelian schemes / p -div groups

T e
stable under base change(→ functorial in R

C- I Cpa] : Avar (R ) - BTCR )

Yt i→ Aep = Colin ACPI
e fu flat



-←
"

I :p - complete
"

setting R : ring a p : nilpotent .

(
is enough )

=

I - R nilpotent , Ro - Rts

Thur
(say I"

'
- o )

=

Atp) q (2-categorical )
A Avar CR) TBT l - is a pullback of
I t -

Afp
.] t / categories

AOE A-Varro)→ BTCRO ) a

co-•
E

i.e
. AVarCRIA-AVarCR.IE#o,BTCR)
u u

A te ( Ao , Alpo) .AE/o9-TACpTo)( isanequiu.LI"
.



⇐ Preparation : ( N =p
"

)

R : 7%2 - alg ,
NZ 2

I a R nilpotent ,
I
" '

= o
,
Ro := 12/2

.

Eef Gz c GT C G subfunctors defined by

G, CA)
:- Ker (GCA )→ GCAIIA ) )

1 I nilpotent
E IAI : = Ker ( GCA) → acarid ) )

Reina spec Ro → Spec R

fppf fppf
→ 4 : cringe

.

¥t cringe
"

Conti map
"

I
- ¥012 .

of fppf sites

R - Grp = Shut"f:(Spec Ro )¥y÷ Shut"'tSpee R ) --R-Grp
O Ab

unit is Yg: G → 4*4
-'

G : A t.GLAKA )

so Gz = Ker ye,



Lemire G : (commutative ) formal group IR

⇒ N
"
kills Gz

-
smooth connectedprod choose coordinates

G = Spf REX , ,

-- iXnD

group Str : REX . .
- - a

,
Xu'd → RIX . .

-- And E REX . .
- AND

Xi c-sfifx.FI

→ F' ( ICI , II.It = F' (I
'

.
FCYTE'll

1¥ :* ¥:* .

→ III. I' ) = I't 'T
'

+ (deg> 2)

INTI
'

: -
- Thi

.

- i' t.lu/xIodefx??.x.)
N - O in R

INDI
'

= (deg z t )

WIS : NV - O on GHA )
,
t A C- Cringe

Gala) = f f REI'D
f- A anti

g{ Hatha



f- ( Xi ) E IA g- deg
z Iz Vtt

→ Nufcxi ) =f( ENV ) Xi ) C- 2
"' A -- O La

- Il

f- (-2×69220) = g. faddy
22
"

Core GER -Grp set
.
E : fppf locally coveted# IA

⇒ N
" kills G

, y
formal

groups

i.e
.

FIR→ Ra)

( cans .
iii:
"""

T # formal groupCRHSR
,

ya

. (Ga) , C⇐ II CGI
→ ⇐ Iz -- GI

H

Gah
EdAkai - Ker# LAKH GRAHAM .

!4H)
is Zero

. Ez is covered by I '

- killed by N
"

.

→ Ez i. killed by N
" (by the sheaf property )

④



Lemma A Let G
,
H E R -Grp . suppose

-

-

Ca ) G is N
- divisible ( i.e .

.
GN→G epi )

(b) TT is fppf - covered by formal groups

(c) H is formally smooth

(i.e.
,
Jc A nilpotent ⇒ HCA) → HASH )

Recall 4 : R → Rt = Ro " reduction mod's
"

(→ ro - are reef:÷÷÷¥÷÷,
Thee ( set Go

= 6-
'

G
,
Ho -- 6-

' H )

(n ) Home
.

(G
,
H) , Hong-⇐p(Go ,

Ho )

4-
I have no N - torsion
GiH t

O
(2) Home

-q
,(G ,

H )→ Hongo.#Go ,
Ho ) : injective

(3) tfoi Go→ Ho 71.9 : G-SH set
. Olg) =NFo

(4) fo E Imd ⇐ glacier, = O
T
in (3) jpg



Pioof ( n ) 4
"

preserves
colin ⇒ preserves

epimorphisus

nsa N '. Go → Go epi by Ca )

→ N G Hom(G.H ) ,
Hondo ,

Ho )

I hroho
.

(2) How CG ,
H ) -0 Hom (4-'G. 6-

'H )

lls¥→ Home , 4*4
-'H )

Ker O = Hour CG ,
Ker 4h ) ON

"
- o

" T by Lem

HI Moho
&

so Ken 0=0 .

by Ca) Cb)

(3) Uniqueness : by K)

explicitly construct g by Cc )
-

-

O → HIM → HCA) → HAHA I → 0

was O - Hz → H - 6*6
-'H → O

7h I

←Its

by (b)



Define G# tips7Gt a a

6*4
-'

G→ 4*4
-' H → 4*4

'

'H
W 9* fo - NV

Go Ho

-

7h

then
"
OG ) ¥

,

4-
'

G y
-

it,
It
#

father a tie
- ' hit

id

I:*"G¥¥if¥f÷ id

t
a

4-
'

G-
NV fo

so 0cg ) = Nufo .

(4) Oiiuj na Off )
- fo ⇐ NF=g

GIN'T→ G
-4g -so

° -

It,
* af ⇐ skin's:L



⇐ Proof of the theorem N=p
Steps show * is fully faithful , ice .

f.KpartA.BEAVarCR#
9 Hour (A.B)→ HomprazfATPM.BEPM ) (97917
I

AV"

o
,

I go. FT
Philo Homan

.#Ao '
Bo)→ Hong, ofAol , Bip)) v

# •

ah - Sch
.

e p -div gps satisfy Ca)
- Ccs

of Lemma A
-

→ O . .
O , e injective .

WIS t fo : Ao→ Bo

( fo [p-I C- In Oz ⇒ fo E Im 0 ,

of

F ! G : A-s B s
-t . g - photo .

Need 81 A[pay
= O

-

but g-439 : Alpo] → Btp
.] lifts pwfoEPIeg.mg

,

⇒ gfaepny - ftp.T/Aepnug = 0
IT-2

Eh



Steps essential surjectiuity
→ BTCR ) FGA-Valid)

-

1. B I I
A-Von CRI) - BT (Ro) yo

①
U

Ao- Ao %

Fact Avon CR )→ A-Valko ) : ess . say
'

.

Idea • lifting of the underlying scheme

exists by smoothness . ✓ f : A→ SpecRo

( ( obstruct"" E Ext' (↳" '¥ = ° )

• prove : abelian group str . lifts uniquely

by deforming the graph of the
structure maps

→
F B

B! Ao n Boers, a.IET
"



BTCR) B-Lpoj-sqzp.nu
-

I p
'"
" h

T unique lift
v pwn.

→

BTCRO ) Bip] c- Go
Un para.

"

un

par p2hV

→ g. h
: isogeny

Consider

o → K - kerf- Btp] -8, G → o

o
- B-4¥- 134pm Btp!→ o

g : flat by
" fiberwise criterion

"

[
patoison : flat

Btp]→ G
BEETS- Gs

finiteness
flat!! Fiber Ys!

(ofp?
I, Bo'Lp9→G .

T

- n
.

I

Speck o



→ K - B-432
" ] finite flat subgroup

A- = Blk EAVARCR)

Then Avar BT
-

R K -sB→A '→ K -

BEpg-sAEp-jf.com?....a*rot...wrI..:IiFa.a..,Ro t Yupnu.no#liBo/Bo-LphVJ-pzBoJoAo~ Go

- t
compatible

i.e
.
A lifts (Ao

,
G

,
a :AoTp9→Go )



§ 2 Serre-Tate coordinates for deformations
-

of ordinary abelian varieties

Notations chap
• A E Avar(k ) ,

k : field
, g
-
- dim A

(Cartier)

• C-It : the deal of ab Sch / fin flat gplp
-diugp

• Tp Alk ) dim Alk)IPT : theTate module

(a Zp - module )

• K : field wa Art : the cat of augmented
(R , HY ) art in local K - alg

• Aaa : Arte→ Cat Set

u u

R 1- TAI x AVadR )
Avail k) A

"

the formal moduli space
" t

known to be pro representable by Spf R ,

D=Wlklttij 1 Is i.jegI



The Setting : k : alg closed field Sfp
A. BE Avarlk ) ordinary

(1) F natural isom ⇐n§ Him

115 11

MIK (R ) Es Hom§TpACk1qTpA4kl , Inner) )
w u

AIR l→ 8(AIR ; - , - )

of functors Arte→ Set

(2) Compatible with the duality
:

M^aadR ) Home
,
talk)④TpAtCk) , EIR) )

c-Itf a ti
NatalR ) Es Homaetpatfklxotpattfk) , CHICK) )

(3) At
,
B : lifts of A. B.then AIB lifts to FAI# B

if id ftyTpACk)④TpACk ) GLAIR 's - . - I

Tp Alk)④TpB4k) A
→

Einer )

Fox# TpBlk )④TpBtfk,
#BIR 's - . - I



Some definitions e preliminaries (R : artin local )
-

• X : fin flat R - group scheme is

deff
• tale if X → Speak : e'tale

• of multiplicative type if e'tale - locally (on specR)
# morphia to F Mn;

• X :p -divisible group IR is

• Eta if Xepn) : e'tale th

connected - e'tale seq
c- canonically splits
- if R :perfect
O → Xcom- X→Yet→ O

field
connected T "

'

maximal e'talequotient
component of the

unit

• Connected if Xef = o

• tonic (toroidal ) if XEph) : multiplicative type
⇐ Xt : e'tale

O → Xt
au
→ Xt → Xt et → o

⇐ O → HEY- X- *taunt- o
-

= Xtor



Xtor ↳ Xcom
.

these are representable by formal groups IR
• ordinary if Xtor I' X Conn , i.e .

O → Xtor → X → Yet → O

• A : abelian variety

→ AEpo] com = A : the formal completion
along the Zero section

Speck→ A

A (R) = kerf ACR )→ ACRkd ) ) for( R .
-artinian local )

• A is ordinary if Afp-T is ordinary
⇐7 AEpn] = 2%29
(⇒ Tp Alk) E 748



typical examples

fin flat X

Nxt
e-c÷/::fIii:

"""""

II.ate '
we11

Fiala
1

date



Construction / Proof of ( al
-

A E to ( talaga, AVar(
R) )

I Ed by 81

Alpo] c- To HALIMI ,¥µBTlR ) )
I

o→④r→Atp9→EtT -so =/ ⑦
- a

1 Extra.pt#OQEep.HomadTpA4kl.Em ) )
- http] Eta toe

4*9
h T =/ # ②

TpAlk) -sTpAlH④Q, TCH
, Eun14042- cap(TpAlk) , Homzptpa
"

) )

YAIR
R - points & tensor-hour

Hom!¥pACkI④TpAtCk ) , Emir) )



① Classifying the lift http-% of Atp%

n >so so that ph kills A
=

.

-8 O - A → http] → ACH Cpu)

t t d

O → A → At → ACK ) → o

do for
" t

o → A- At → Alk ) → o

÷
vary h

- O → AT → http)- ACK54in)→ E
n

n

id t t t te

O → In - httphey→ Alk5hpm
"]→ In

f. Colin

o- In → http's] -51pA CH Boyz
,

-so

this reduces to the (canonically split )

Conn - Et seq 1k :

O→ A→ Atp] -51pACHEZ,→ O



A : ordinary ⇐ Are#pottle,)t

→ A'Eph) Is Hong(AHHH , Mp. ) didI
use

{ A' is Home Aten
,
,
abided

9 yConti
note .

. §m(R)=Hm=MpdR )

f. f. groups of multiplicative type (toroidal p-div
gps he

lifts uniquely to R

( probably b/c taking the dual , by Ete - Etr ? )

mas f Eff's → Home! Atlkkpn) , Mpa )
→ House,(TpAtlkl , Eun )

→ O → AT → http] →TpACH Rate
,
→ o

T
predetermined I

0 → A → A Ep
-I→ TpAlk ) Rate,-so

toric e'tale

classifying Alpo) ⇐ classifying ext



② In general

O → X → Y → Z → o in A abelian

(X →Y → 2- distinguished triangle in DCA ) )

→ Hom( Y ,
-D ) → HomCXH ) - Ext't-2 .D)→ Ext

'CY ,-D )
⑨ ④ ④

• If ⑨
,
② = o

,

then ④ bijective

explicitly

RY- SZ→ X→Y : fiber seq .

| Ext't 't'# t

"
⇐ """ '

t"

TY !
-
"

I
-

I
IZ tf → cofibcfl→ Z

Our case : A -

- R -Grp

O →TpAlk ) →TpAlk) →TpAlk)④Rate,→ o

X Y Z

D- = How (TpAtk ) , Em) = In



• Hoy.fm?pAlkloxQa.AIf--
o ⇒ ⑨ = o

g
mutt . by p is formal group
surjective → killed by p - power

• Ext
'

(Tp Alk)④Be ,

AT )→ Ext'tAlk) , AT) injective
R-op Ip Rfp

⇒ ⑨ = o

sketch

TpACklEZf3IhEMpit_seuoughtoshowExtk@plQe.Mp)- Ext're.GG ,Mpo ) : icy
'

-

Lim
,
# to a

,

'-
a - o

H te t
Ze P→ Ip → ZIP¥¥¥:*:*. ÷÷:÷:÷
.

① : in's i i
.

Tutin Maptee ,Mpo )
→fix ,MapR, Mpo

)

T
Ker = Liz TeoMap e. Ypo)
- Mittag - Leffler condition V

② iinj

follows from H¥pecR , Mpa )
= O

-

-

2not sure how



Atp-ISo DflpAlk)④Bake )→ House.tl#Ckl.ETm )
÷

En t
.

-
-

-

-

rTpAlk )

O →a → da
→Qatar→ 0 ( G) La )

Reinard OTpAU
More explicitly , Yair is given as follows :

take n → o so that th
""
= o

(pen ,
so Ph kills AT )

TpAlk)

t
Ai - http'T- Ackkph)

t t, ti
O → At→ A- Ack) - o

to ten ten
O - A - A - Alk )

±
A



Pref
Alk)

Tp Alk )-tackled, → TpacH¥%, Lid
% / Jpn / fp" ACHIM

TpACHv→TpAlH④QpV→TpAfk) Date ! I
f y AT → ALPS- TpAwake

ACKKPY ¥fpn=o / Lpn "I fpu
yid → ATM- TpAlk) ele

,

a Kd I
ACHEpyid-ACKI.ph]

Lidu't
← ACHIM*

ice
,
y
'

= (the connecting how )



proof of (3)
- ftp.3
A -

- -→ B http) - - - → Btg

y
.

A
f Jerrett, y g

A - B Alpo)- 13409
f FEED

by construction of al . ftp.T
is a morphism

filling

Hoggtpatlkl.CI)-ftp.I-TPACKIQQ/qHomCftiid)tItp) I foxid

HoygtpBCH.CI/-BEp9-TpBCkIoxQelz,

pre -
determined by the unique kftability

of toroidal 1 Etoile groups to nilpotent
thickening



rotating the triangle :

SHACK)@19174 ) taps Ho¥fTpA4H ,

→ http
.]

I foxid Hoeft , id) t $45)

r(TpBCkI④ lap)- Hong,(TpB4kl , → BEET
BEET

Ffffpas) ⇐ left square commutes

→
TpAlk) at'

-
. HAIR
"
y

DflpACH 19174 )- Hong,(TpA4kl , → ftp.T

I foxid f)§ Hoeft , id) t fEp9
r(TpBCkI④ lap)- Hong,(TpB4kl , → BEET

1.→
→
TpBlk ) -

'

F'
- YBIR

(⇒ blue square
commutes

⇐s Tp Alk) Tp
Atk )

of CAIR ; - , - )f-④ idf →
Em

TpACkl④TpBTk ) n
Q

quB1r '. - i - )
④id④ft¥BCH④TpBt(k)/



Proof of (2) is technical and unenlightening
-

contrary to its formal appearance
. . .



§ 3
-

canonically an

Maha : Art, → Set wad -oeg
d

representable by a complete local alg (R ,
on )

Nak = Spf R
←

formalwcktgoup

(e.g . by Schlessinger's representability thin )

Since Mak f- House,CTpACH④TpAtlkl . Eun)
IS

Ee
'

( 'Ii:":*." - basis :: is :*:* )Tij = of (ai .g- )
- I EIR

- w CHET.. ;D JR

passing to the
limit

tiny T Hom (TpAck l④TpA4kl .EI)
29
-

q : Tp Alk )④TpATH ⇒ Howww.q.CN .
Em )



A → A → a utterer .ae

L J f
J

f
deformation

Speck → Speck → Spf R
R star

qtxr.a.pl← GG . B )



Ks : team → Lie (Atl) yqsiizlw
innit, KS :War→ Lie (AYR )#SEEwww.is - forms
Themaiutheoem

(o , p ) Elp Att (Kl ④ Tp
ACK ) 8- Hour (tr , Eu)

w -Grp

I

@HI , wept) E w→%¥ Kaga Cd ¥09
f id x KS

Eats ④ LieHYr7④da% Ts Rba
paining ④

id

where wcp ) is (
the limit of )

Tp AtCk )
-9 Hour-apt Ih i

GI )

I Lie
Home-ap(LieCAIR) , Ga )↳ Isak



Restatement ( §4)

Hodge - de Rham

O→ Cdma → HIKARI→ Lie(AYR)- o

Gauss - Manin connection

Tl : Ha - Ha RINK ,


